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Recognizingobjectsfrom imageshasbeenachallengingtask
in computervision. This is becauseobjectsmaylook very dif-
ferentfromdifferentviewing positions.Themostsuccessfulap-
proachis in thecontext of model-basedobjectrecognition[1],

wheretheenvironmentis ratherconstrainedandrecognitionre-
lies upon the existenceof a set of predeÞnedmodel objects.
Given an unknown scene,recognitionimplies:(i) theidentiÞca-
tion of asetof featuresfrom theunknown scenewhichapprox-
imatelymatcha setof featuresfrom a known view of a model
object,(ii) therecoveryof thegeometrictransformationthatthe
modelobjecthasundergone(poserecovering),and(iii) veriÞca-
tion thatotherfeaturescoincidewith predictions.Sinceusually
thereisnoapriori knowledgeof whichmodelpointscorrespond
to which scenepoints,recognitioncanbecomputationallytoo
expensive, even for a moderatenumberof models.Variousap-
proacheshave beenproposedin the literaturefor dealingwith
this issue.

Oneapproachtolimit thepossiblenumberof matchesisbyus-
ing geometricconstraints[2]. Anotherapproachis to establish
hypotheticalmatchesusing the minimum possiblenumberof
model-scenefeaturecorrespondences[3]. Indexingisanalterna-
tiveapproachwhichhasbeengivenconsiderableattentionlately
[4Ð14].It isbasedontheideaof usingapriori storedinformation
aboutthe modelsin orderto quickly eliminatenoncompatible
model-scenefeaturematchesduring recognition.Hence,only
the mostfeasiblematchesareconsidered,that is, the matches
wherethemodelfeaturescouldhaveprojectedto thescenefea-
tures.Indexing-basedmethodsusuallyemploy a hashscheme
to efÞciently storeand retrieve information aboutthe models
into a hashtable.Therearetwo differentphasesof operation:
preprocessingandrecognition. Duringpreprocessing,groupsof
modelfeaturesareconsideredandadescriptionfor eachoneof
themiscomputed.Thesedescriptionsarethenusedtoaccessthe
hashtable.Appropriateinformationaboutthe groupof model
featuresis storedin the indexed location.During recognition,
groupsof scenepointsareconsideredandtheirdescriptionsare
usedto accessthehashtable.

In thenoiselesscase,eachindexed locationwill containex-
actlythesetof modelgroupscompatiblewith thegroupof scene
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featuresusedtoaccessthetable.Ideally,onewouldliketheindex
computedfrom a groupof modelfeaturesto remainthesame,
regardlessof changesin theappearanceof themodelwhenit is
observedfrom differentviewpoints.Suchanindex issaidto be
invariant.Themainadvantageof invariantindicesisthatasingle
entryfor eachgroupof modelfeaturesneedstobestored,regard-
lessof changesin the viewpoint. Geometrichashing[4] is an
exampleof amethodwhichusesafÞneinvariantsfor therecog-
nition of planarobjects.Projective invariantsof somespecial
case,two-dimensional,algebraiccurveshavebeenalsoutilized
in anotherstudy[8].

Building indexing schemesto recognizegeneral3D objects
usinginvariantsisnotpossiblein general,sinceit hasbeenshown
thatno general-caseinvariantsexist for singleviews of general
three-dimensionalpoint sets[12]. As a result,model-basedin-
variantshavebeenproposedfor indexing [10]. Theseinvariants
canbelearnedfrom severalimagesof theobject.Thebasicidea
is that a function canbe constructedfor eachgroupof model
featuresthat,given agroupof imagefeatures,evaluatesto zero
if andonly if themodelgroupcouldprojectto theimagegroup.
Anotherapproachis to takeadvantageof thefactthattheangles
anddistancesof imagefeatureschangelittle (i.e.,remaininvari-
ant)over asubstantialrangeof viewing directions(probabilistic
peakingeffect [15]). Probabilisticindexing [11] is basedonthis
idea.Quitecommonarealsoapproacheswhich considera sep-
aratemodelfor eachview of a3D object[5], obtainedby taking
picturesof theobjectfromdifferentviewingdirections.Then,an
indexingschemebasedoninvariantsisemployedfor eachmodel
view. Alternatively, othermethodsassumethatthe3D structure
of themodelobjectsis available(i.e.,CAD models).Theview-
ing sphereis thensampledanda descriptionaboutthe images
thatgroupsof modelfeaturesproduce,from eachpoint on the
viewing sphere,is storedin a hashtable.During recognition,
groupsof featuresarechosenfrom thesceneandthehashtable
is accessedto Þndthe most feasiblethree-dimensionalmodel
groupsthatmight have producedthem.A systembasedon this
ideahasbeenimplementedin [12], assumingorthographicpro-
jection.Thissystemhasbeenimproved in thecaseof 3D linear
transformationsso that the hashtable is built usinganalytical
formulas,withouthaving to sampletheviewing sphere[13,14].
In particular, it wasshown in [14] that theimagesof groupsof
3D pointscanberepresentedasa pair of 1D linesin two high-
dimensionalspaces.Duringpreprocessing,eachgroupof model
pointsis representedby aline in eachof thetwo spaces.During
recognition,groupsof scenepointsareusedto retrieve setsof
modelfeaturesindexed in bothspaces.The intersectionof the
two setscorrespondsto thepossiblymatchinggroupsof model
points.

In this paper, a new indexing-basedobject recognitionap-
proach is proposedbasedon algebraic functions of views
[16Ð22].Algebraicfunctionsof views arefunctionswhich ex-
pressarelationshipamonganumberof viewsof thesameobject
in termsof their imagecoordinatesalone.For example,in the
caseof orthographicprojection,the imagecoordinatesof any

threeviews of anobjectsatisfya linear function[16]. Thekey
ideain usingalgebraicfunctionsof views for indexing is that
they allow us to computeall possibleviews (i.e., images)that
a groupof modelpointscanproduceusinga small numberof
views which containthe group.Thus,3D modelsare not re-
quired.We will bereferringto thespaceof views thata group
of pointscanproduceasthespaceof transformedviewsof the
group.During indexing, thespaceof transformedviewsis sam-
pled and the sampledviews are representedin a hashtable.
During recognition,imagegroupsareusedto retrieve from the
hashtable the model groupsthat might have producedthem.
To constructthespaceof transformedviews of a group,we ap-
ply the algebraicfunctionsof views on the referenceviews of
the group.To estimatethe allowablerangesof valuesthat the
parametersof algebraicfunctionscanassume,weuseamethod-
ology basedon SingularValueDecomposition(SVD) [24] and
Interval Arithmetic (IA) [25].

Our approachis different from [5] which requiresa large
numberof referenceviews to ensurethatnew viewsaresimilar
to at leastoneof the referenceviews. In our case,new views
canbeconstructedby combininga small numberof reference
views.Furthermore,ourapproachfor generatingtheimagesthat
amodelgroupcanproduceduringpreprocessingis morepracti-
calsinceit doesnot require3D models.In [13,14]for example,
the lines which representthe imagesof a modelgroupcanbe
found easily only if the 3D structureof the object is known.
Sincethis informationis notalwaysavailable,asetof different
2D images,containingthegroup,is usedinstead[13,14].Each
imagedeÞnesapoint in eachof thetwo representationalspaces
anda line mustbe Þttedto thesepoints,in eachspace,to ap-
proximatetheactuallines.This procedurerequiresmoreeffort
andtime sinceedgesmustbeextracted,interestpointsmustbe
detected,andpoint correspondencesacrosstheimagesmustbe
established.Ontheotherhand,ourapproachis basedonasmall
numberof imagespermodelandmakeson approximationsin
computingtheimagesthatagroupof modelpointscanproduce.
Anotheradvantageof usingalgebraicfunctionsof views is that
veriÞcationbecomessimpler. This is becausecandidatemod-
elscanbeback-projectedontothesceneby combininga small
numberof their referenceviews only. Finally, the availability
of algebraicfunctionsof views over a wide rangeof transfor-
mationsandprojections[16Ð22]makestheproposedapproach
moregeneralandextendible.

Thepaperis organizedasfollows: In Section2 wepresentan
overview of thealgebraicfunctionsof views.A generalframe-
work for employing algebraicfunctionsof views for indexing-
basedobjectrecognitionis presentedin Section3. In Section4
wepresentamethodfor estimatingtheallowablerangesof val-
uesthat theparametersof algebraicfunctionscanassume,and
in Section5weintroduceaprocedure,calledÒpreconditioning,Ó
for obtainingtighterrangesof values.Sections6 through9 deal
with a numberof practical issuesand in Section10 we con-
sidervariousissuesrelatedto the performanceof the method.
Section11 presentsrecognitionresultsusingbothartiÞcialand
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real3Dobjects,assumingorthographicprojectionand3D linear
transformations.Finally, Section12 includesourconclusions.
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In thissection,wesummarizeanumberof theoreticalresults
regardingalgebraicfunctionsof views.First,weintroducesome
terminologythatwill beusefulthroughoutthispaper.Weassume
thatthedatabasecontainsM modelsandthateachmodelis rep-
resentedby a numberof aspectsAm; m D 1; 2; : : : ; M. In the
caseof planarobjects,oneaspectper object is enough,while
in thecaseof general3D objects,moreaspectsarenecessaryto
representthe object from differentviewing directions.We as-
sumethateachaspectis representedby V differentviewswhich
we call referenceviews.Thenumberof referenceviews V per
aspectdependsonthetransformationsandprojectionundercon-
siderationandwill bespeciÞedin thenext paragraph.For each
aspect,weassumeanumberof ÒinterestÓpointsN (e.g.,corners,
junctions,etc.),which arecommonin all theviews associated
with theaspect.Wealsoassumethatthepointcorrespondences
acrosstheviewshavebeenestablished.

Algebraic functions of views were Þrst introduced,in the
caseof scaledorthographicprojection(weakperspective), by
Ullman andBasri [16]. In particular, it wasshown in [16] that
if we let anobjectundergo 3D rigid transformations(i.e., rota-
tionsandtranslationsin space)andwe assumethat theimages
of an objectareobtainedby orthographicprojectionfollowed
by a uniform scaling,thenany novel view of an objectcanbe
expressedasa linear combinationof threeotherviews of the
sameobject.SpeciÞcally, let usconsiderthreereferenceviews
of the sameobject V1; V2, and V3, which have beenobtained
by applying different rigid transformations,and three points
p0D (x0; y0); p00D (x00; y00), and p000D (x000; y000), onefrom each
view, which arein correspondence.If V is a novel view of the
sameobject,obtainedby applyinga differentrigid transforma-
tion, and p D (x; y) is a point which is in correspondencewith
p0; p00, and p000, thenthe coordinatesof p canbe expressedin
termsof thecoordinatesof p0; p00, and p000as

x D a1x0C a2x00C a3x000C a4 (1)

y D b1y0C b2y00C b3y000C b4; (2)

wheretheparametersa j ; b j ; j D 1; : : : ; 4, arethesamefor all
thepointswhicharein correspondenceacrossthefour views.

TheaboveresultcanbesimpliÞedif wegeneralizetheortho-
graphicprojectionby removing the orthonormalityconstraint
associatedwith therotationmatrix. In this case,theobjectun-
dergoesa 3D linear transformationin space.Linear combina-
tionscorrespondto scaledorthographicprojectionfollowedby
a 2D afÞnetransformationand they characterizealso the im-
agesthat canbe producedby a photographof an object [26].
In this case,the algebraicfunctionsof views aresimplerand
they involveonly two referenceviews.Let usconsidertwo ref-

erenceviews V1 and V2 of the sameobject which have been
obtainedby applyingdifferentlinear transformations,andtwo
points p0D (x0; y0); p00D (x00; y00), one from eachview, which
arein correspondence.Then,given anovel view V of thesame
objectwhichhasbeenobtainedbyapplyinganotherlineartrans-
formationandapoint p D (x; y) whichisin correspondencewith
pointsp0andp00, thecoordinatesof pcanbeexpressedasalinear
combinationof thecoordinatesof p0and p00as

x D a1x0C a2y0C a3x00C a4 (3)

y D b1x0C b2y0C b3x00C b4; (4)

wheretheparametersa j ; b j ; j D 1; : : : ; 4, arethesamefor all
thepointswhicharein correspondenceacrossthethreeviews.It
is worthmentioningthatnotall theinformationfrom thesecond
referenceview is usedbut only ÒhalfÓof it (i.e., only the x
coordinates).Of course,(3) and(4) canberewrittenusingthey
coordinatesof thesecondreferenceview instead.

Theextensionof algebraicfunctionsof views in thecaseof
perspectiveprojectionwascarriedout in [20Ð23].In particular,
it was shown that threeperspective views of an objectsatisfy
a trilinear function.Moreover, it was shown thata simplerand
morepracticalpair of algebraicfunctionsexist whentherefer-
enceviewsareorthographic[20, 21]. This is usefulfor realistic
objectrecognitionapplications.In this paper, we considerthe
caseof orthographicprojectionassuming3D lineartransforma-
tionsonly.

$%���
�


���&'��"#��
�	
�

��
(��������)����*�+���,�-���

���.�/����
����0�
�

���*�
���-�������
��!

�-��"#�

Algebraicfunctionsof viewscanbeusedto predicttheimage
coordinatesof pointsin a novel view by appropriatelycombin-
ing theimagecoordinatesof thesamepointsacrossanumberof
referenceviews.Thisideacanbeusedfor recognizingunknown
views of anobject[17, 23]. Therearetwo mainproblemswith
thisapproach:Þrst,weneedto Þndwhichpointsfrom therefer-
enceviewscorrespondto whichpointsfrom theunknown view
and,second,we needto Þndthecorrectvaluesfor theparam-
etersof thealgebraicfunctions(i.e.,a j Õs, b j Õs).Both problems
aredifÞculttodealwith.Firstof all, thenumberof possiblepoint
correspondencesbetweenreferenceandnovel views increases
exponentiallywith thenumberof points.Second,searchingfor
theappropriateparametervaluesmightbeprohibitivesincethe
domainof parametersmight bevery large [16]. Here,we pro-
posethecouplingthealgebraicfunctionsof viewswith indexing.
Theideais to usealgebraicfunctionsof views to predictall the
views (i.e., images)that a groupof modelpointscanproduce
andrepresentthe predictionsin a hashtable.During recogni-
tion, groupsof pointsarechosenfrom the sceneandthe hash
table is accessedto Þndall the modelgroupsthat might have
producedthemalongwith informationrelatedto thepoint cor-
respondencesandtheparametersof thealgebraicfunctions.
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A framework for indexing usingalgebraicfunctionsof views.

Given a model,a setof aspects,a setof referenceviews per
aspect,andthepoint correspondencesacrosstheviews of each
aspect,theÞrststepis to computetheallowablerangesof val-
uesthattheparametersof algebraicfunctionscanassume.Then,
theviewsthatamodelgroupcanproduce(spaceof transformed
views)canbecomputedbycombiningthereferenceviewsof the
modelgroupusingalgebraicfunctionsof views.Fromapractical
pointof view, it is impossibleto considerall possiblecombina-
tions,thatis, to assumeall possiblevaluesfor theparametersof
thealgebraicfunctions,sincethiswill generateaninÞnitenum-
berof transformedmodelviews. As a result,eachparameterÕs
rangeis actuallysampledinto a Þnitenumberof pointsanda
Þnitenumberof transformedmodelgroupsis generatedonly.
Thecoordinatesof thetransformedmodelgroupsarethenused
to generatean index to a hashtablewhereinformationabout
themodel,theaspect,thegroup,andthesetof parametervalues
usedto generatethetransformedmodelgrouparestored.Dur-
ing recognition,weconsidergroupsof scenepointsandweuse
their imagecoordinatesto generatean index to thehashtable.
Theentriesstoredat the indexed locationidentify a model,an
aspect,amodelgroup,andasetof parametervaluesthatmight
have producedthe scenegroup.A veriÞcationstepfollows to
reject or acceptcandidatematches.Figure 1 illustratesthese
steps.

Therearesomeimportantissuesthatmustbeconsidereddur-
ing the implementationof the proposedscheme.Oneof them
is how to computethe rangeof valuesthat the parametersof
thealgebraicfunctionscanassume.Here,weproposeamethod

basedon SVD [24] andIA [25]. Another importantissuehas
to do with thespacerequirementsof themethod.We aredeal-
ing with this issue(i) by preconditioningthe referenceviews
in orderto computenarrow rangesof valuesfor theparameters
of algebraicfunctions,(ii) by generatingandstoringinforma-
tion aboutonly thex or y coordinatesof thetransformedmodel
groups,and(iii) by consideringonly well-conditionedgroups,
that is, groupswhich aretolerantto noise.Finally, we consider
theissueof predictingtheparametersof thealgebraicfunctions
accuratelyduring recognition.A schemebasedon neuralnet-
worksis employedfor this.
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Undertheassumptionof orthographicprojection,two refer-
enceviewsV1 andV2 mustbecombinedin ordertoobtainanew
view V, asEqs.(3) and(4) illustrate.Given thepointcorrespon-
dencesacrossthethreeviews,thefollowingsystemof equations
mustbesatisÞed,

2

6
6
6
4

x0
1 y0

1 x00
1 1

x0
2 y0

2 x00
2 1

¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢
x0

N y0
N x00

N 1

3

7
7
7
5

2

6
6
4

a1 b1

a2 b2

a3 b3

a4 b4

3

7
7
5 D

2

6
6
4

x1 y1

x2 y2

¢ ¢ ¢¢ ¢ ¢
xN yN

3

7
7
5 ; (5)

where(x0
1; y0

1); (x0
2; y0

2); : : : (x0
N ; y0

N) and (x00
1 ; y00

1); (x00
2 ; y00

2); : : :
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(x00
N ; y00

N) arethecoordinatesof thepointsof thereferenceviews
V1 and V2, respectively, and (x1; y1); (x2; y2); : : : (xN ; yN) are
thecoordinatesof thepointsof thenovel view V. Splitting the
above systemof equationsinto two subsystems,oneinvolving
thea j parametersandoneinvolving theb j parameters,wehave

Pc1 D px (6)

Pc2 D py; (7)

whereP is thematrix formedby thex andy coordinatesof the
referenceviews (plus a columnof 1Õs), c1 andc2 arevectors
correspondingto a j Õs andb j Õs (theparametersof thealgebraic
functions),andpx; py arevectorscorrespondingto thex andy
coordinatesof the novel view. Both (6) and(7) areoverdeter-
minedwhichmeansthatthey canbesolvedusingaleast-squares
approachsuchasSVD[24]. SinceSVDisveryimportantfor the
estimationof theparametersÕranges,webrießypresentits main
stepshere.UsingSVD, P canbe factorizedas P D UPWPVT

P
wherebothUP andVP areorthonormalmatrices,while WP is a
diagonalmatrixwhoseelementswP

ii arealwaysnonnegative(the
singularvaluesof P). Thesolutionsof theabove two systems
arec1 D PC px andc2 D PC py wherePC is thepseudoinverse
of P. Assumingthat P hasbeenfactorized,its pseudoinverseis
PC D VPWC

P U T
P whereWC

P is alsoa diagonalmatrix with ele-
ments1=wP

ii if wP
ii greaterthanzero(or a very small threshold

in practice)andzerootherwise.In speciÞc,thesolutionsof (6)
and(7) aregiven by theequations[24]

c1 D
kX

i D1

µ
uP

i px

wP
ii

¶
vP

i (8)

c2 D
kX

i D1

µ
uP

i py

wP
ii

¶
vP

i ; (9)

whereuP
i denotesthei th columnof matrixUP; v P

i denotesthe
i th columnof matrix VP, andk D 4.

To determinethe rangeof valuesfor c1 andc2, we assume
Þrstthat thenovel views hasbeenscaledsuchthat thex andy
coordinatesbelongwithin aspeciÞcinterval. Thiscanbedone,
for example,bymappingthenovel view totheunitsquare.In this
way, its x andy imagecoordinateswill bemappedto theinterval
[0, 1]. To determinetherangeof valuesfor c1 andc2, weneedto
considerall possiblesolutionsof (6) and(7), assumingthat px

and py belongto [0,1]. We have usedIA [25] in orderto solve
this problem.In IA, eachvariableis representedasan interval
of possiblevalues.Given two interval variablest D [t1; t2] and
r D [r1; r2], thenthesumandtheproductof thesetwo interval
variablesis deÞnedas[25]

t C r D [t1 C r1; t2 C r2] (10)

t ¤ r D [min(t1r1; t1r2; t2r1; t2r2); max(t1r1; t1r2; t2r1; t2r2)]:

(11)

Applying theinterval arithmeticoperatorsto (8)and(9), instead
of standardarithmeticoperators,wecancomputeinterval solu-
tions for c1 andc2 by settingpx D [0;1] and py D [0;1]. In in-
terval notation,we want to solve the systemsPc1 D pI

x and
Pc2 D pI

y, wherethe superscriptI denotesan interval vector.
The solutionscI

1 and cI
2 shouldbe understoodto meancI

1 D
[c1: Pc1 D px; px 2 pI

x ] andcI
2 D [c2: Pc2 D py; py 2 pI

y].
SigniÞcantresearchhasbeenperformedin theareaof inter-

val linear systems[27]. In general,the matrix of a systemof
interval equationsis also an interval matrix, that is, a matrix
whosecomponentsareinterval variables.In ourcase,thingsare
simplersincetheelementsof P arethex andy coordinatesof
thereferenceview of theobjectwhich arealwaysÞxed.When
interval solutionsarecomputed,noteverysolutionin cI

1 andcI
2

correspondsto px and py that belongto pI
x and pI

y [27, 28].
In otherwords, pI

x µ PcI
1 and pI

y µ PcI
2. In the context of our

approach,if new viewsaregeneratedby choosingthevaluesfor
theparametersof thealgebraicfunctionsfrom theinterval solu-
tionsobtained,thensomeof thegeneratedviews might not lie
completelywithin theunit square.Wewill bereferringto these
viewsasÒinvalid viewsÓandto thesolutionswhichgeneratethe
invalid views asÒinvalid solutions.ÓClearly, invalid views can
berejectedeasilyby testingwhetherthecoordinatesof a view
lieswithin theunit square.

An interval solution is calledÒsharpÓif it doesnot contain
many invalid solutions.Within our context, it is importantto
computesharpinterval solutionssincethis will save time and
space.However, if we merelyapply the interval arithmeticop-
eratorson (8) and(9), thenit is very likely thatwe will obtain
solutionsthatwill not bevery sharp.Therearevariousfactors
thataffect thesharpnessof aninterval solution.Oneof themis
theparticipationof agiveninterval quantityto thecomputations
of asolutionmorethanonce[28]. As amatterof fact,this is the
casewith (8) and(9).To makeit clear, let usrewrite thesolution
for thei th componentof c1, 1 · i · k, moreanalytically:

ci 1 D
vP

i 1

wP
11

¡
uP

11x1 C uP
21x2 C ¢ ¢ ¢C uP

N1xN
¢

C
vP

i 2

wP
22

¡
uP

12x1 C uP
22x2 C ¢ ¢ ¢C uP

N2xN
¢

C ¢ ¢ ¢
vP

ik

wP
kk

¡
uP

1kx1 C uP
2kx2 C ¢ ¢ ¢C uP

NkxN
¢
:

Clearly, eachx j (1 · j · N) entersin thecomputationof ci 1

morethanonce.To avoid this, we canfactorout the x j Õs and
rewrite theaboveequationas

ci 1 D
NX

j D1

x j

Ã
kX

r D1

vP
ir uP

jr

wP
rr

!

:

The interval solutioncI
i 1 cannow be obtainedby applyingthe

interval arithmeticoperationson theequationabove. Similarly,
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SomeartiÞcial3D objects.

we can obtain interval solutionsfor the rest elementsof cI
1

as well as for cI
2. It shouldbe notedthat sinceboth (8) and

(9) involve thesamematrix P and pI
x ; pI

y assumevaluesform
the sameinterval, the interval solutionscI

1 andcI
2 will be the

same.
As anexample,let usconsiderthe3D objectsshown in Fig.2

(two differentreferenceviewsareshown perobject).Theinter-
estpointsusedin this experimentcorrespondto cornerpoints.
Table1 shows the rangeof valuescomputedfor c1 (which are
thesamewith thosecomputedfor c2).

	�
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As Table1 illustrates,thewidth of therangeof valuesvaries
from parameterto parameter. Widerangesarenotdesirablebe-
causemoresetsof valuesmustbeconsidered.It is thusimportant
to considerwaysto computenarrower ranges.In this section,
wepresentamethodologycalledpreconditioningfor optimizing
theparametersÕrangesof values.By preconditioningwe imply

*,+.-$/1032
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Rangesof values

rangeof a1 rangeof a2 rangeof a3 rangeof a4

model1 [¡ 25.321 25.321] [¡ 10.154 10.154] [¡ 23.173 23.173] [¡ 5.943 6.943]
model2 [¡ 27.771 27.771] [¡ 10.154 10.154] [¡ 24.328 24.328] [¡ 8.496 9.496]

a transformationthattransformstheoriginal referenceviews to
new referenceviews, yielding very narrow ranges.Beforewe
describethe stepsinvolved in this transformation,let us Þrst
investigatehow thewidth of therangesis affected.

In theprevioussection,we consideredthe interval solutions
of Pc1 D px and Pc2 D py. Alternatively, we could have con-
sideredthe solutionsof P(c1 C ±c1) D (px C ±px) and P(c2 C
±c2) D (py C ±py), assumingall possible±px and±py with (px C
±px) and(py C ±py) in [0,1] (px and py canbeassumedÞxed,
for example,px D py D 0:5). Obviously, thewidth of thecom-
putedinterval solutionscI

1 andcI
2 will dependonthemagnitude

of ±c1 and±c2. It is well known that the relative error in the
solution of a systemof equationsdependson the condition
numberof P [29]. In otherwords, if we considerthe system
P(c1 C ±c1) D (px C ±px), thefollowing inequalityis known to
betrue,

k±c1k
kc1k

· cond(P)
k±pxk
kpxk

;
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Thewidth of a1Õsrangeversustheconditionof thereferenceviews.

wherecond(P) is the conditionnumberof P deÞnedaskPk
kP¡ 1k. If theconditionnumberof P is large,thentherelative
errorwill alsobelargewhichimpliesthatthewidthof c1Õsrange
will alsobelarge.Thesameholdstruefor c2.

We deÞnetheÒconditionÓof a referenceview as theratio of
themaximumsingularvalueover theminimumsingularvalues
of P. This ratio canberegardedastheconditionnumberof P
andwhile it is notexactlyequalto theactualconditionnumber,
they usuallyhaveaboutthesameorderof magnitudenumerically
[24,29].Wehaveperformedanumberof experimentstodemon-
stratethedependenceof thewidth of theparametersÕrangeson
theconditionof thereferenceviews.First,wegeneratedanum-
berof randomviewsperobjectandwecomputedeachparame-
terÕs range.Then,for eachparameter, we plottedthecondition
of theview (horizontalaxis)versusthewidth of thecomputed
ranges(verticalaxis).Figure3 shows oneof theplots,assum-
ing 20 randomviews, model3, anda1. Clearly, largecondition
numbersimply wide ranges.

It is thusreasonableto askwhetherit is possibleto choose
referenceviews having the bestpossiblecondition.Here,we
proposeaprocedure(preconditioning) to transformtheoriginal
referenceviewsto new referenceviewshaving bettercondition.
A transformationto obtainnew referenceviews from the old
referenceviewscanbeobtainedusing(5)

2

6
6
6
4

x0
1 y0

1 x00
1 1

x0
2 y0

2 x00
2 1

¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢¢ ¢ ¢
x0

N y0
N x00

N 1

3

7
7
7
5

2

6
6
6
4

a1 b1 a5 0
a2 b2 a6 0
a3 b3 a7 0
a4 b4 a8 1

3

7
7
7
5

D

2

6
6
6
4

x0n
1 y0n

1 x00n
1 1

x0n
2 y0n

2 x00n
2 1

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
x0n

N y0n
Nm(a) x00n

N 1

3

7
7
7
5

(12)

or

PC D Pn; (13)

where C is a transformationmatrix, P is the matrix corre-
spondingto theold referenceviews, and Pn is thematrix cor-
respondingto the new referenceviews. The idea is to Þnd a
matrixC whichyieldsnew referenceviewshaving bettercondi-
tion. Let usconsiderthesingularvaluedecompositionof P; C,
andPn: P D UPWPVT

P ; C D UCWCVT
C ,andPn D UPn WPn VT

Pn .
Substitutingtheseexpressionsin (13)wehave

¡
UPWPVT

P

¢¡
UCWCVT

C

¢
D

¡
UPn WPn VT

Pn

¢
: (14)

In order for the new matrix Pn to have goodcondition, its
singularvalues,that is, the elementsof WPn , musthave sim-
ilar magnitudes.Observing(14) we Þnd it ratherdifÞcult to
draw any conclusionsabouttheconditionof thenew view Pn.
However, this would bemucheasierif we couldrelatethesin-
gularvaluesof Pn to thesingularvaluesof P andC. Without
making any assumptionsabout the transformationmatrix C,
it is difÞcult to establishsuchasrelationship.However, since
we have freedomin choosingthe elementsof C, (14) canbe
simpliÞedif we chooseUC D VP. Then,(14) canbewritten as
(UPWPVT

P )(VPWCVT
C ) D (UPn WPn VT

Pn) or (UPWPWCVT
C ) D

(UPn WPn VT
Pn), sinceVT

P VP D I . Accordingto theabove equa-
tion,thesingularvaluesof Pn arenow equalto theproductof the
singularvaluesof P andC, thatis, WPn D WPWC. Thekey idea
is thento choosethesingularvaluesof C in awaysuchall that
thesingularvaluesof Pn have thesamemagnitude.Obviously,
wemustchooseWC as

WC D ¸ W¡ 1
P ; (15)

where¸ is a positive constant.As a result, WPn D ¸ I , which
meansthat all the singular valuesof Pn will be equal to ¸
and the condition of the new view will be the bestpossible
(one).Thedetailsinvolvedin thecalculationof ¸ aswell asin
the calculationof the elementsof matrix C can be found in
AppendixA.

Wehaveperformedanumberof experimentsto demonstrate
thepreconditioningprocedure,usingtheobjectsshownin Fig.2.
Figure4 shows thepreconditionedviews(only theÞrstprecon-
ditioned referenceview is shown per object sinceonly the x
coordinatesof thesecondreferenceview areused).Onecom-
mentwe canmake by observingFig. 4 is thatpreconditioning
seemsto spreadthe views aroundorigin. Table 2 shows the
rangesof theparametersin thecaseof thepreconditionedrefer-
enceviews.Comparingthemwith therangesobtainedusingthe
original views (Table1) we canconcludethatpreconditioning
yieldsvery tight ranges.
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TheÒpreconditionedÓreferenceviews.
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In thissection,weconsideragainthepreprocessingstepof the
proposedapproachandweshow thatthereis signiÞcantredun-
dancy in theinformationstoredin thehashtable.Accordingto
ourdiscussionin Section3, for eachmodelgroup,wecompute
Þrst the imagesthat the modelgroupcanproduce(i.e., trans-
formedmodelgroups).Then,the coordinatesof the points in
the transformedmodelgroupareusedto storeappropriatein-
formationin thehashtable.Thecomputationof thecoordinates
of thepointsin a transformedmodelgroupis performedusing
Eqs.(3) and(4). Therearetwo observationsto bemadeat this
point. First, let us recall thatbotha j Õs andb j Õs assumevalues
from thesameranges(seeourdiscussionin Section4).Second,
thesamebasisvector(i.e., (x0; y0; x00)) is involved in thecom-
putationof boththex andy coordinatesof thegroups.Basedon
thesetwo observationsit canbeeasilyconcludedthatthetrans-
formationwhichgeneratesthex coordinatesis exactlythesame
asthe transformationwhich generatesthe y coordinates.As a
result,it is not necessaryto representthesametransformation
twice over the hashtableandonly oneof the two coordinates
(thex coordinateshere)canbeusedfor indexing.ThissimpliÞ-
cationofferssigniÞcanttimeandspacesavings;however, recog-
nitionbecomesslightlymorecomplicated.SpeciÞcally, thehash
tablemustbe accessedtwice per scenegroupduring recogni-
tion: Þrst,thex coordinatesof thescenegroupareusedto give
riseto hypotheseswhichpredictthea j parametersand,second,
the y coordinatesof thescenegroupwhichwill give riseto hy-
potheseswhichpredicttheb j parameters.Then,theintersection
of thehypothesesneedsto befound.Figure5 showstherevised

/10,2�35476
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Rangesof values

rangeof a1 rangeof a2 rangeof a3 rangeof a4

model1 [¡ 0.454 0.454] [¡ 0.417 0.417] [¡ 0.392 0.392] [0.000 1.000]
model2 [¡ 0.439 0.439] [¡ 0.413 0.413] [¡ 0.423 0.423] [0.000 1.000]

schemewhereonly thex coordinatesof thetransformedmodel
groupsareutilized.

Z
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Given a scenegroup,thegoalof recognitionis to predictthe
modelgroupandtheparametersof thealgebraicfunctionsthat
have producedthescenegroup.However, it is importantto un-
derstandthattherewill beerrorsin therecoveryof theparameters
mainly becausethehashtableis built by samplingthespaceof
parametersintoaÞnitenumberof points.Asaresult,if anactual
imagegroupis notverysimilar to oneof thetransformedmodel
groupscomputedduring preprocessing,thenthe predictedpa-
rametersmight not bevery closeto theactualones.Of course,
theerrordependsonthesamplingstepusedto samplethespace
of parameters.Thiserrorcanbemadesmallbychoosingasmall
samplingstepbut thisisnotdesirablesinceit will increasespace
requirements.Sinceerrorsin the predictionof the parameters
will have a greatimpacton theperformanceof theveriÞcation
step(i.e.,thepredictedmodelmightnotbeback-projectedonto
the sceneaccurately),it is important to considerapproaches
whichwill allow us to predicttheparametersaccurately.

In a recentpaper[31], we studiedthe problemof learning
to predict the correctposeof a planarobject,undergoing 2D
afÞnetransformations.The ideawas to train a neuralnetwork
with anumberof afÞnetransformedviewsof theobjectin order
for it to learn to predict the parametersof the afÞnetransfor-
mationbetweenthetrainingviews anda referenceview of the
object.Todemonstrateourapproach,weperformedexperiments
usingseveralobjects.A separateneuralnetwork was assigned
to eachobjectwhich was trainedwith views of this objectonly
(object-speciÞcnetworks).Ourexperimentalresultsshowedthat
trainingwasextremelyfastandthatonlyasmallnumberof train-
ing viewswassufÞcientfor thenetworksto generalizewell. By
generalizationwemeantheability of thenetworkstopredictthe
correctafÞnetransformationevenfor viewsthatwerenever ex-
posedto themduringtraining.Wealsoconsideredissuesrelated
to thediscriminationpowerandnoisetoleranceof thenetworks.
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A revisedframework for indexing usingalgebraicfunctionsof views.

Our resultsshowed that the discriminationpower of the net-
works was excellent.Their noisetolerancewas not very good
initially; however, it was dramaticallyimproved by applyinga
preprocessingto theinputsbasedonPCA [24].

Motivatedby thiswork, wehavedecidedto usethesameap-
proachfor modelgroups.The ideais assigna differentneural
network for eachmodelgroup(group-speciÞcneural networks).
To train thenetworks,we generatea numberof trainingviews
whichcontainthegroups.In fact,thetrainingviewscanbecho-
senfrom theviews we generateduringthehashtableconstruc-
tion step.Then,whenanentry is storedinto thehashtable,in-
steadof storingtheparametersof thealgebraicfunctionwestore
apointerto theneuralnetwork associatedwith themodelgroup.
Figure5 showsthehashentries.Duringrecognition,thecoordi-
natesof thescenegroupareusedto retrievefrom thehashtable
appropriatehashentries.Then,theparametersof thealgebraic
functions are estimatedby presentingthe coordinatesof the
scenegroupto theneuralnetwork whosepointeris partof the
hashentriesretrieved.Figure6a illustratesthe neuralnetwork
approach.Figure 6b illustratesthe simpliÞedneuralnetwork
scheme(only thex coordinatesareused).

It shouldbe notedthat the neuralnetwork approachis not
the only alternative approachto recover the parametersof the
algebraicfunctions.For example,wecouldhavestoredthecoor-
dinatesof thetransformedmodelgroupsin thehashtableduring
preprocessing.Then,whenascenegroupis matchedto amodel
groupduring recognition,the parameterscanbe recoveredby

solving two systemsof equations(Eqs.(6) and(7)). Sincethe
systemsareoverdetermined,a least-squaresapproach,suchas
SVD [24], canbe used.However, the neuralnetwork scheme
hasthe advantagethat it is fasterand haslessspacerequire-
ments.To seethis, let usassumethatthedecompositionof P is
computedofßine,asthetrainingof theneuralnetworks is also
performedofßine.AssumingthateachmodelgroupcontainsG
pointsandthatthenumberof parametersis2k (k D 4inourcase),
theneuralnetwork approachrequires2kG multiplicationsand
2kG additionsto predict the parametersof the transformation
(linearnetworks).Ontheotherhand,SVD requires2k(G C 2k)
multiplications,2kG divisions,and2k(G C 2k) additions(see
Eqs.(8)and(9)).Giventhatthesecomputationsmustberepeated
many timesduringrecognition,theneuralnetwork approachis
obviously lesstimeconsuming.In termsof spacerequirements,
the neuralnetwork approachrequiresthe storageof 2kG val-
uespernetwork (i.e.,weights),while SVD requiresthestorage
2kGC 2k C (2k)2 values(U, W, andV matrices).Given again
thatthis informationmustbestoredfor many groups,theneural
network approachhaslessspacerequirements.
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An important issuewhen we considergroupsof points is
how to chosethe groupsize G, that is, the numberof points
in a group.Obviously, in orderfor the groupsto be usefulfor
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(a)Theneuralnetwork scheme;(b) ThesimpliÞedneuralnetwork scheme.

matching,they mustprovide enoughdiscriminatingpower. In
fact,it is desirableto chooseG in a way suchthatevery group
of imagepoints may have beenproducedonly by one group
of modelpoints.For 3D linear transformations,the algebraic
functionsof viewsinvolveeightparameters.Thismeansthatwe
needto matchat leastfour imagepointsto four modelpoints
in orderto determinetheparameters.As a result,theminimum
groupsizewhichprovidessomediscriminationis Þve.

It hasbeenshown that the likelihooda particulargroupof
imagepointsmatchesaparticulargroupof modelpointsshrinks
exponentiallywith thesizeof thegroup[12]. However, it is not
possibleto considerlarge size groupsbecausethey are more
vulnerableto occlusions.Also, thediscriminatoryimprovement
offeredby largegroupsdiminishesrapidly beyondsomepoint
[7]. In this paper, we have chosento demonstrateour approach
usinggroupsof sizeÞve (G D 5). It shouldbenoted,however,
that this choiceis somewhat subjective, andotherapproaches
might bemoreappropriate,for example,usingmultiple group
sizes,anadaptivegroupsize,or grouping[14].

Consideringall possiblemodelgroupsfor a givensizeis not
practicalsince this would require too much space.Here, we
consideronly well-conditionedmodelgroups.ThedeÞnitionof
theconditionof amodelgroupis similar to thedeÞnitionof the
conditionof amodelview: it is theconditionof theG £ k matrix
(denotedasPgm), formedbyconsideringthex andy coordinates
of the points in the group,acrossthe referenceviews, plus a
columnof 1Õs(seeEq.(5)).Assumingnoisein thelocationof the
imagepoints,thesolutionof (5) will includesomeerrorwhich
is relatedto the conditionof the matrix Pgm [29]. As a result,
eventhougha modelgroupmight have beencorrectlymatched
to an imagegroup,it will be very difÞcult for the veriÞcation
procedureto Þndadditionalmatchesto supportthishypothesis.
This will wasterecognitiontime andit is betterto avoid such
hypotheticalmatchesfrom thebeginningby disqualifyingbad-
conditionedmodelgroupsduringpreprocessing.

To choosegroupswith goodcondition,we simply compute
the conditionof eachmodelgroupandthenwe rejectgroups
having a conditiongreaterthana thresholdt. It is important,
however, to ensurethatmostmodelpointsarerepresentedin the
groupschosenandthat the samemodelpoint doesnot appear
in everymodelgroupchosen.This is to ensurethatrecognition
doesnot dependon a few model points which might not be
alwaysavailableanywayduetoocclusions.ToÞndthenumberof
timesamodelpointappearsin thegroupschosenweconstructa
histogram.If therearemany modelpointsthatarenotsufÞciently
representedin thegroupschosen,wechoosenew modelgroups
by increasingthethresholdt. If a modelpoint appearsin many
groups(e.g.,in half or more),we startremoving groupswhich
containthispoint,updatingthehistogramatthesametime,until
acertaincriterionis met(e.g.,atmosthalf of thegroupscontain
the point). If this procedureeliminatesmany groups,thenwe
increaset andwerepeatthesamesteps.

Anotherimportantissueis theorderof thepointsin agroup.
If we do not make any assumptionsaboutthe order, eitherall
possibleordersmustbeconsideredduringpreprocessingor all
possibleordersmustbeconsideredduringrecognition.Sincethe
secondapproachwill increaserecognitiontime,weconsiderthe
Þrstapproachonly. Toavoidconsideringall possibleordersdur-
ing preprocessing,we applya canonicalorderingto thepoints
of the model groups.During recognition,the samecanonical
orderingis appliedto the scenegroups.Informationaboutthe
orderingis storedin the hashtableduring preprocessing.The
canonicalorderingprocedureemployedhereis verysimple:we
just sort the x coordinatesof the pointswithin a group in in-
creasingorder. During recognition,we sort both the x and y
coordinatesof thescenegroupsbeforewe computetheindices
to accessthehashtable.A differentcanonicalorderingproce-
durehasbeenproposedin [12]; however, it is not applicable
herebecauseonly the x coordinatesof the model groupsare
usedduringpreprocessing.
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By consideringonly well-conditionedgroupsduringprepro-
cessing,we have restrictedourselvesto a muchsmallersetof
model groups.This saves spaceduring preprocessingbut the
probabilityof selectingascenegroupwhichmatchesoneof the
modelgroupsisnow muchsmaller. Hence,mostof thehypothe-
sesthatwill beestablishedduringrecognitionwill beincorrect
andmustbe ruled out quickly. If the unknown scenecontains
morethanoneobject,it will be very beneÞcialto apply some
kind of groupingin orderto identify groupsof scenepointsthat
mightbelongto thesameobject.Then,wecanselectsubgroups
of sizeG from thesegroupsinsteadof selectingthemrandomly.
This approachwill eliminatemany matches,but therewill be
still many invalid matchesleft. To speedup recognition,it is
importantto keepthenumberof hypotheseslow. Ourapproach
is to rejectasmany invalid matchesaspossiblewithout having
to verify themÞrst.This is performedby evaluatingeachhy-
pothesisbeforeveriÞcation,usinganumberof simpletests.If a
hypothesispassesall thetests,thenit ispassedto theveriÞcation
step;otherwise,it is rejected.

Theway hypothesesareformedduringrecognitionisbycom-
biningeveryhashentryretrieved usingthex coordinatesof the

!#"
$�%
&'%

Evaluationof hypotheses.

scenegroupwith everyhashentryretrieved usingthey coordi-
natesof thegroup.Thiswill producemany hypothesesbut notall
of themneedto beveriÞed.In speciÞc,let usconsiderahypoth-
esisformedby combiningthe entry (modelx; ax; nnx; orderx)
retrieved usingthex coordinatesof thescenegroupwith theen-
try (modely; ay; nny; ordery) retrieved usingthe y coordinates
of thesamegroup.This hypothesiswill beconsideredfor veri-
Þcation,only if all of thefollowing ÞveconditionsaresatisÞed:
(1)modelx D model y, (2)ax D ay, (3)nnx D nny, (4) theparam-
eterspredictedby nnx andnny arewithin therangescomputed
duringpreprocessing,and(5) thepredictedmodelgroupiswell-
conditioned.Figure7 illustratestheprocedure.

The Þrst two constraintsarestraightforward to understand:
boththex andy coordinatesof thescenegroupshouldpredict
thesamemodelandaspect.Thethirdconstraintimpliesthatboth
the x and y coordinatesof the scenegroupshouldpredict the
samemodelgroup.Theidentity of a modelgroupis implicitly
implied by the identity of the neuralnetwork associatedwith
it. The fourth constraintexploits the discriminatingpower of
theneuralnetworks. If somepointsin the imagegroupdo not
belongto the sameobject, it is expectedthat the parameters
predictedby the neuralnetwork will not be within the ranges
computedduringpreprocessing.Experimentalresultsobtained
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hereaswell asin [31] haveshown thatthediscriminatingpower
of theneuralnetworksis verygood.

Thepurposeof thelastconstraintis to rule out scenegroups
thathavenotbeenproducedby well-conditionedmodelgroups.
Assumingthat Pgm is the matrix formedby the coordinatesof
thepointsin themodelgroupandPgs is thematrixformedby the
coordinatesof thepointsin the imagegroup,then PgmC D Pgs

(seeEq. (13)). Pgs consistsof four columns,the Þrst two of
which arethe x and y coordinatesof thescenegroup,andthe
lastoneis just a columnof 1Õs. The third columncorresponds
to thetransformedx coordinatesof thesecondreferenceview.
Sinceobjectsarerecognizedfrom asingleunknown image,the
elementsof this column are chosento be the sameas the x
coordinatesof thegroupin thesecondreferenceview.Thematrix
C consistsof four columnsaswell. TheÞrsttwo aresetto the
parameterspredictedby theneuralnetworks,andthefourthone
is just thevector[0001]T . Thethird columnmustbesetequalto
thevector[0010]T sothatthethird columnof Pgs is thesameas
thethirdcolumnof Pgm. Pgm canbecomputedbymultiplying Pgs

byC¡ 1. Thelastconstraintsimplycheckswhetherthecondition
of Pgm D C¡ 1Pgs is lessthanathreshold(thesamethresholdused
duringpreprocessing).
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In this section,we considerseveral importantissueswith re-
gardto theperformanceof themethod:spacerequirements,ef-
fect of samplingof parameters,andnoisetolerance.If we as-
sumeN pointsperreferenceview andagroupsizeG, thereare
NG D ( N

G ) possiblemodelgroups(withoutconsideringdifferent
orderingssincewe usecanonicalordering).Let us denotethe
numberof well-conditionedgroupsas ÷NG (with ÷NG ¿ NG).
If the samplingstep usedto samplethe rangeof parameter
a j is sa j , j D 1; 2; : : : ; k (k D 4), eachparametercan assume
na j D ((maxa j ¡ mina j )=sa j C 1) values (mina j ; maxa j corre-
spondto the min andmax valuesof a j ). Thus,the numberof
transformedviews we needto be generateper aspectis NV DQ k

j D1 na j . Not all of theseviews have to beconsideredduring
preprocessingsincesomeof themcorrespondtoÒinvalidÓviews
(i.e., they do not lie entirelywithin theunit square).Let usde-
notethenumberof valid views as ÷NV ( ÷NV ¿ NV ). Eachtime
a valid view is generated,a hashentry is madefor eachwell-
conditionedgroupcontainedin theview. Thus,thetotalnumber
of entriesthatmustbestoredpermodelis Am ÷NV ÷NG whereAm

is the numberof aspectsassociatedwith modelm. This is the
numberof entriesto bestoredwithout accountingfor noise.If
wechooseto accountfor noiseduringpreprocessing,additional
entriesmustbe storedaswe discusslater in this section.For
eachgroup,wealsoneedto storetheweightsof theneuralnet-
work associatedwith thegroup.Eachnetwork hask inputsand
k outputs,thatis, k2 weightsmustbestored.

Let us now turn our attentionto the samplingof the para-
meters.If thesamplingstepsa j is very large,thenthesampling

of the spaceof transformedviews will be very coarse.This,
however, will affect recognitionsincethe point coordinatesof
the transformedmodelgroupswill be very different from the
point coordinatesof the actualimagegroups.As a result,it is
very likely thattheactualimagegroupswill accesswronghash
binsduringrecognition.To investigatethisissuemorecarefully,
we needto bemorespeciÞcaboutthe function index( ) which
returnsthe hashtable address.In this paper, the index space
consideredis thespaceof imagecoordinates.This is different
from otherapproacheswherethespaceof afÞnecoordinatesis
consideredinstead[4, 13, 14]. Themain reasonthat theafÞne
spacehasbeenconsideredin other approachesis becauseit
yields a minimal representation.Although this is indeedtrue,
an analysisof the effect of sensornoiseis morecomplicated
in this case.Also, theafÞnespacedoesnot allow for account-
ing for sensornoiseduringpreprocessing[32]. Representingthe
modelgroupsin thespaceof imagecoordinatesdoesnotyield a
minimal representationbut theanalysisfor theeffect of sensor
noiseis easierand it allows to accountfor sensornoisedur-
ing preprocessing.In ourimplementation,thedimensionalityof
thehashtableis equalto thegroupsizeG, that is, index( ) ac-
ceptsasinput the x or y coordinatesof a groupandreturnsa
G-dimensionalindex.

To demonstratethe indexing procedure,let us assumethat
G D 1. In this case,index( ) impliesa quantizationof theinter-
val [0,1] plusa linearscalingto ensurethatthecomputedindex
Þtsthe dimensionsof the hashtable(seeFig. 8). SpeciÞcally,
the interval [0,1] is partitionedinto a numberof subintervals,
anda hashbin is assignedto eachoneof them.Thenumberof
subintervalsis determinedby thesizeof thehashtablewhich is
denotedasH. Thewidth of eachsubinterval will beh D 1=H,
andthe knot pointsq j , which deÞnethe subintervals, will be
q j D j ¤h; j D 1; 2; : : : ; H ¡ 1. If xk is the x coordinateof a
point,thenindex(xk) D Q(xk) D j if xk 2 [q¤

j ¡ h=2; q¤
j C h=2],

with q¤
j beingthemiddlepointof [q j ; q j C1]. In general(G 6D1),

index( ) impliesa quantizationof a hypercubewith sidesequal
to [0,1]. Assumingthat(x1; : : : ; xG) arethex coordinatesof the
pointsin agroup,aG-dimensionalindex iscomputedbyfollow-
ing thepreviousprocedurefor eachx coordinateof thegroup,
thatis, index(x1; x2; : : : ; xG) D (Q(x1); Q(x2); : : : ; Q(xG)).

Let usnow assumethatthex coordinatesof anactualimage
group are (x1; x2; : : : ; xG) while the x coordinatesof a pre-
dicted imagegroup,correspondingto the above actualimage
group, are (öx1; öx2; : : : ; öxG). The coordinatesof the predicted
imagegrouphavebeenobtainedby applyingthetransformation

+-,*.0/213/

Demonstrationof theindex-generationprocess.
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öxi D öa1x0
i C öa2y0

i C ¢ ¢ ¢C öak, wherex0
i ; y0

i ; : : : ; arethe coordi-
natesof themodelgroupwhich hasproducedtheimagegroup
andöa1; öa2; : : : ; öak arethepredictedparametersof thealgebraic
functions.Let usassumethattheactualparametersof thealge-
braicfunctionsarea1; : : : ; ak. Then,thex coordinatesof theac-
tual imagegrouparegiven by xi D a1x0

i C a2y0
i C ¢ ¢ ¢C ak. The

questionis whethertheactualandpredictedgroupsaccessthe
samehashbin;thatis,whetherindex(öx1; öx2; : : : ; öxG) D index(x1;
x2; : : : ; xG). Thiswill betrueif Q(öxi ) D Q(xi ); k D 1; 2; : : : ; G.
Let usassumethat Q(xi ) D j . In orderfor Q(öxi ) D j , we must
have j öxi ¡ q¤

j j · h=2. Let usrewrite j öxi ¡ q¤
j j as

j öxi ¡ q¤
j j D j (öxi ¡ xi )C (xi ¡ q¤

j )j · j öxi ¡ xi jC j xi ¡ q¤
j j: (26)

ConsideringtheÞrsttermonly wehave

j öxi ¡ xi j

D j (öa1x0
i C öa2y0

i C ¢ ¢ ¢C öak)) ¡ (a1x0
i C a2y0

i C ¢ ¢ ¢C ak)j

D j (öa1 ¡ a1)x0
i C (öa2 ¡ a2)y0

i C ¢ ¢ ¢C (öak ¡ ak)j

· j öa1 ¡ a1jj x0
i j C j öa2 ¡ a2jj y0

i j C ¢¢¢ C jöak ¡ akj

·
sa1

2
jx0

i jC
sa2

2
jy0

i j C ¢ ¢ ¢C
sak

2
: (27)

Taking into considerationthat j öxi ¡ q¤
j j · h=2, we have from

(26)and(27)

j öxi ¡ q¤
j j ·

sa1

2
jx0

i j C
sa2

2
jy0

i j C ¢ ¢ ¢C
sak

2
C h=2: (28)

Theaboveinequalityimpliesthatin orderto ensurethatthecor-

���������	�

SomeartiÞcialtestviews.

rect hashbin will not be missedduring recognition,we must
accountfor thesamplingerrorduringpreprocessing.In particu-
lar, eachtimeanentryis storedin ahashbin,wemustalsostore
a pointerto this entry in thehashbins locatedarounda neigh-
borhoodof theindexed hashbin. Thesizeof theneighborhood
canbecomputedusing(28)anddependson thesamplingsteps
(sa j Õs) andthe sizeof the hashtable.Equation(27) allows us
to Þndtheneighborhoodfor eachof thedimensionsof thehash
table.Then,we needto considerthe union of neighborhoods
over all thedimensions.It shouldbementionedthatourexperi-
mentalresultshaveshown thattheupperboundgiven by (28) is
not tight andmuchsmallerbounds(for example,1/2of it) have
workedwell in ourexperiments.

Let us now considerthe effect of sensornoise.For this, we
assumethatthereis anuncertaintyin thelocationof themodel
pointswhichis atmostne pixels.Thismeansthatthetrueimage
pointmustlie within ne pixelsof theactual(noisy)imagepoint.
Taken into considerationthat eachimageis mapped(scaled)
to the unit squarebeforerecognition,the maximumdistance
correspondingto the scaledimagewill be ÷eD ne=Ni , assum-
ing imagesof size Ni £ Ni . Thequestionis whetherthenoisy
coordinateswill accessthe correcthashbin, that is, whether
index(x1; x2; : : : ; xG) D index(÷x1; ÷x2; : : : ; ÷xG), where ÷xi D xi C
÷e. In orderfor this to betrue,we musthave Q(xi ) DQ(÷xi ). Let
usconsiderthedifferencej ÷xi ¡ q¤

j j:

j ÷xi ¡ q¤
j j D j (xi ¡ q¤

j ) C ÷ej · j xi ¡ q¤
j j C ÷e · h=2 C ÷e:

To accountfor noise,we needto follow a similar procedure.
In particular, every time an entry is madein the tableduring
preprocessing,we mustalsostorea pointerto this entry in the
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Parameters

Actualparameters(Figure9(a)) Predictedparameters(Figure9(a))

a1; a2; a3; a4 ¡ 0.08248 ¡ 0.153740.094630.55224 ¡ 0.08222 ¡ 0.153230.094120.55223
b1; b2; b3; b4 ¡ 0.057750.022410.134080.48342 ¡ 0.057320.022220.134130.48313

Actualparameters(Figure9(b)) Predictedparameters(Figure9(b))

a1; a2; a3; a4 ¡ 0.01866 ¡ 0.142240.002800.46931 ¡ 0.01863 ¡ 0.142230.002800.46932
b1; b2; b3; b4 0.072910.046790.190960.44305 0.072880.046750.190930.44299

Actualparameters(Figure9(c)) Predictedparameters(Figure9(c))

a1; a2; a3; a4 ¡ 0.06960 ¡ 0.130600.085880.53691 ¡ 0.07512 ¡ 0.133660.080390.53807
b1; b2; b3; b4 ¡ 0.066650.028180.161770.49026 ¡ 0.066660.028140.161760.49025

Actualparameters(Figure9(d)) Predictedparameters(Figure9(d))

a1; a2; a3; a4 ¡ 0.149900.088720.142310.61792 ¡ 0.149900.088680.142310.61792
b1; b2; b3; b4 ¡ 0.21708 ¡ 0.127070.012050.55004 ¡ 0.21713 ¡ 0.127140.012000.54999

hashbinslocatedin aneighborhoodaroundtheindexedhashbin.
It shouldbe mentioned,however, that someof thesepointers
might have beenalreadystoredin the appropriatehashbins
duringthepreviousstepwhichaccountsfor samplingerror.

-�-�.0/21436587+9;:$<0:=9>7@?�AB5DC0E�1436F0G

In this section,we demonstratetheproposedapproachusing
both artiÞcialandreal 3D objects.The groupsizeusedin the
experimentsreportedhereis G D 5.A Þve-dimensionalhashta-
ble of size10 £ 10 £ 10 £ 10 £ 10 was utilized (h D 1=10).
Thestepsizeusedto sampletherangesof theparameterswas
sa j D 0:05.First,we performeda numberof experimentsusing
theartiÞcialobjectsshown in Fig. 2. For eachobject,wegener-
ateda numberof testviews by choosingtheparametersof the
algebraicfunctionsrandomly. The testviews werenormalized
sothattheir x andy coordinateswerein theinterval [0, 1]. This
wasperformedby choosingarandomsubsquarewithin theunit
squareandby mappingthesquareenclosingtheview (deÞned
by its minimumandmaximumx andy coordinates)to theran-
domly chosensubsquare.We also addedsomerandomnoise
in the locationof thepointsto simulatesensornoise.Figure9
showssomeof thetestviewsconsidered(solidline). In all cases,
recognitionwas successfulandtheparametersof thealgebraic
functionswererecoveredvery accuratelyasTable3 illustrates.
Figure9showsthepredictedmodels(dashedline)back-projected
ontothetestviews.Thenumberof hypothesesveriÞedin each
caseis shown in Table4. To demonstratethesigniÞcanceof the
hypothesisevaluationprocedurediscussedin Section9,Table4
shows thenumberof hypothesesveriÞedusing(third column)
and without using (secondcolumn) the Þve conditionsmen-
tionedin Section9.

Next, we performeda numberof experimentsusingthereal
3D objectsshown in Figs.10aÐ10f.For eachobject,weconsid-

ereda particularaspectandwe capturedtwo differentpictures
of theobject(referenceviews).Bothreferenceviewshavemany
featuresin common;however, theÞrstview isdifferentfrom the
secondin thattheobjecthasundergonetranslationandrotation.
Next, weappliedacornerandjunctiondetector[33] in orderto
extract the interestpointsof the views. Figures10gÐ10lshow
the commoninterestpointsconsideredin eachcase(the lines
connectingthecornershavebeenaddedtoenablevisualization).

Then,thereferenceviewswerepreconditionedandtherange
of valuesfor the parametersof the algebraicfunctionswere
computed.Table5 shows therangescomputedfor eachobject.
Table6 shows thenumberof well-conditionedgroupschosen,
thenumberof pointsrepresentedin thegroups,andthenumber
of views ÷NV consideredduringpreprocessing.

Someof thescenesusedin our recognitionexperimentsare
shown in Fig. 11. First, the interestpointsweredetectedusing
thesamecornerdetector[33].Nonimportantinterestpointswere
removed manually. Then,scenegroupsarechosenandusedto
accessthe hashtableandestablishhypotheses.In the current
implementation,the scenegroupsare selectedrandomlydur-
ing recognition.This is of coursevery inefÞcient.However, our
main objective hereis to demonstratethe usefulnessof alge-
braicfunctionsof views within indexing-basedobjectrecogni-
tion. Thereis no doubtthatsomekind of groupingwill bevery
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Hypotheses

Withoutusing(1)-(5) Using(1)Ð(5)

Fig. 9(a) 12888 45
Fig. 9(b) 50907 65
Fig. 9(c) 107603 186
Fig. 9(d) 20257 61
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Rangesof values

rangeof a1 rangeof a2 rangeof a3 rangeof a4

model1 [¡ 0.419330.41933] [¡ 0.362340.36234] [¡ 0.429260.42926] [0.0 1.0]
model2 [¡ 0.441770.44177] [¡ 0.451380.45138] [¡ 0.433680.43368] [0.0 1.0]
model3 [¡ 0.423210.42321] [¡ 0.411140.41114] [¡ 0.379750.37975] [0.0 1.0]

crucialto theperformanceof ourmethodor to theperformance
of indexing-basedapproachesin general.In all cases,themod-
els presentin the scenewere recognizedcorrectly. Figure 11
showstherecognizedmodelsback-projectedonthetestscenes.
Also, Table6 shows theactualandpredictedparametersof the
algebraicfunctionsin eachcase.

;�<�=�>�?�@A>�B8CED�F#?�@GD

In thispaper, weproposedanew approachfor indexing-based
objectrecognitionusingalgebraicfunctionsof views.Thepro-
posedapproachhasa numberof advantages.First, it requiresa
smallnumberof referenceviews.Mostimportantly, recognition
doesnot dependon thesimilarity betweennovel andreference
views. Second,veriÞcationbecomessimpler. This is because

H�I#J�K�LNMOK

Realmodelobjects.

candidatemodelscannow be back-projectedontothesceneby
applyinga linearcombinationon a small numberof reference
views of themodels.Finally, theapproachis moregeneraland
extendible.This is becausealgebraicfunctionsof views exist
over awide rangeof transformationsandprojections.

To understandmoreclearly thestrengthsandweaknessesof
the proposedapproach,we discussnext a numberof impor-
tant issues.The Þrst issuehas to do with the cameramodel
beingusedin this work. Fromour discussionin Section2, the
cameramodelbeingusedhereis basedon the assumptionof
orthographicprojectionwhich is only anapproximationof per-
spective projection.Although we have not performeda care-
ful analysison thesensitivity of our methodto theassumption
of orthographicprojection,we believe that theperformanceof
the methodwill degradegraduallyassoonasmoreandmore
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Exampledata

points
NG ÷NG NV ÷NV ÷NV ÷NG represented

model1 11628 16 102060 3991 63856 16/19
model2 11628 16 136458 3344 53504 17/19
model3 26334 14 102816 2851 39914 20/22

perspective distortionsareintroduced.In fact,somecomments
on theeffect of perspectivity canbefoundin [16] (page1002).
It is reportedin [16] thattheeffectof perspectivity appearsto be
quite limited. SpeciÞcally, the linear combinationschemewas
tried to objectswith ratio of distance-to-camerato object-size
down to 4: 1 with only minoreffectson theresults.

Anotherissueis theissueof self-occlusion.Indeed,thecom-
binationof viewsmethodassumesthattheobjectsaretranspar-
ent[17Ð19].To dealwith self-occlusion,thehashtablemustbe
built usingreferenceviewsfrom differentviewpoints.However,
it shouldbe emphasizedthat this is not the sameasusingref-
erenceview from every possibleviewpoint [5]. The key issue

0�1�2.3�4�4�3

Realscenesandrecognitionresults.

in using algebraicfunctionsof views is that correctrecogni-
tion canbeestablishedaslong astherearescenegroupswhich
arecontainedin at leasttwo referenceviews. In otherwords,
recognitiondoesnot dependon the similarity betweennovel
andreferenceviews. As a result,a small numberof reference
viewsshouldbesufÞcient.In thispaper, wehavedemonstrated
theproposedapproachusingreferenceviews associatedwith a
speciÞcaspectof the modelobjectsonly. In otherwords,we
have madesurethat the views to be recognizedcontaincom-
mongroupsof pointswith thereferenceviews.Thequestionof
courseis how to choosea smallernumberof referenceviews
which allow viewpoint-independentrecognition.Oneideais to
capturea largenumberof referenceviewsandthenapplysome
kind of aneliminationprocedure.This problemis by nomeans
asimpleoneandmoreeffort is requiredto dealwith it.

Finally, it is important to considerthe issueof generating
realisticviews both during preprocessingandrecognition.By
realisticview wemeanaview thatcanbeobtainedusingaprac-
tical camera-objectsetting.In thecurrentimplementation,every
transformedview isconsideredduringpreprocessingaslongas
it is valid, thatis, aslongasit lieswithin theunit square.Disre-
gardingviewswhicharenotrealistichastwoadvantages:Þrstof
all, spacewill besaved duringpreprocessingand,second,time
will besaved during recognition.Althoughwe arenot dealing
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Parameters

Actualparameters(Figure11(a)) Predictedparameters(Figure11(a))

a1; a2; a3; a4 0.037040.196960.044880.63449 0.037000.196920.044850.63446
b1; b2; b3; b4 ¡ 0.123580.057520.010460.53638 ¡ 0.123530.057570.010510.53644

Actualparameters(Figure11(b)) Predictedparameters(Figure11(b))

a1; a2; a3; a4 ¡ 0.058990.255880.003480.60012 ¡ 0.058990.255860.003450.60009
b1; b2; b3; b4 0.111460.004720.002980.47189 0.111900.005500.001610.47198

Actualparameters(Figure11(c)) Predictedparameters(Figure11(c))

a1; a2; a3; a4 ¡ 0.057580.253940.001200.60300 ¡ 0.056360.25418 ¡ 0.000630.60274
b1; b2; b3; b4 0.094070.004130.000210.38442 0.094100.004160.000250.38447

Actualparameters(Figure11(c)) Predictedparameters(Figure11(c))

a1; a2; a3; a4 0.016820.13225 ¡ 0.006020.62491 0.016820.13228 ¡ 0.006010.62492
b1; b2; b3; b4 ¡ 0.081680.031420.0001500.68023 ¡ 0.081680.031460.000180.68026

Actualparameters(Figure11(d)) Predictedparameters(Figure11(d))

a1; a2; a3; a4 ¡ 0.084810.06358 ¡ 0.037320.61571 ¡ 0.08480 0.06357 ¡ 0.037330.61572
b1; b2; b3; b4 ¡ 0.05666 ¡ 0.040540.016700.52448 ¡ 0.05660 ¡ 0.040490.016730.52454

with this issuehere,we believe that oneway to dealwith this
problemis by imposingcertainconstraintsontheparametersof
thealgebraicfunctions.Note thatsincewe assumegeneral3D
lineartransformations,theseconstraintsmighthaveto beobject
speciÞc.

For futureresearch,weplanto extendtheproposedapproach
to thecaseof perspectiveprojection.For this,weplanto usethe
algebraicfunctionsproposedin [20, 21]. In speciÞc,Shashua
[20, 21] hasshown that perspective views of an objectcanbe
expressedasanonlinearcombinationof twoorthographicviews
of theobject.Theextensionwill becarriedoutalongthelinesof
thecurrentapproach.Therearesomeimportantdifferencesbe-
tweentheorthographicandperspectivecase.Themostimportant
is thatthealgebraicfunctionsof viewsinvolveeightparameters
in thecaseof perspective projection.This meansthatthespace
of transformedviewswill containmany moreviewsin thiscase.
In this case,it will be of fundamentalimportanceto consider
realisticviews only. Anotherapproachmight beto Þndnew al-
gebraicfunctionsinvolving moreviews but lessparameters.It
mightbealsoworthexperimentingwith thealgebraicfunctions
proposedin thecaseof paraperspective projection[13]. In this
case,thealgebraicfunctionslook essentialythesameasthose
in theorthographiccase;however, theparametersmustsatisfy
now certaincontraints.Also, differentneuralnetwork models
mustbe usedfor the predictionof the parametersof the alge-
braicfunctions.In thecaseof orthographicprojection,one-layer
modelswereusedsincethecombinationof viewsis linearin this
case.However, in thecaseof perspective projection,two-layer
modelsmust be usedsincethe combinationof views is non-
linear.

*�+,+,-%.0/21435*

We have shown in Section5 that WC D ¸ W¡ 1
P . In this case,

C hasthe form ¸ VPW¡ 1
P VT

C . It is importantnow to choosȩ
in a way such that the resulting transformationmatrix C is
a valid transformationmatrix. Sincethe last column of C is
equalto [0 0 0 1]T , thefollowing equationshouldbesatisÞed:
VPWC(vC

4 )T D [0 0 0 1]T . We proceedby splitting the above
probleminto two subproblems:

WC
¡
vC

k

¢T
D z; (16)

and

VPz D [0 0 0 1]T : (17)

VP isknownfromtheSVDanalysisof P. Theideais tosolvefor
z Þrst(Eq. (17))andthensolve for (vC

k )T (Eq. (16)). In solving
(16),weneedtoconsideranadditionalconstraint:themagnitude
of thesolutionvector(vC

k )T mustbeequalto 1:

¡
vC

k1

¢2
C

¡
vC

k2

¢2
C ¢ ¢ ¢C

¡
vC

kk

¢2
D 1: (18)

Thisisadirectconsequenceof theorthonormalityof VC.Assum-
ingthattheelementsof WC arewC

ii ; i D 1; 2; : : : ; k, thesolutions
of (16)are

vC
k1 D

z1

wC
11

; vC
k2 D

z2

wC
22

; : : : ; v C
kk D

zk

wC
kk

: (19)
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Substitutingtheseexpressionsinto (18)wehave

µ
z1

wC
11

¶ 2

C
µ

z2

wC
22

¶ 2

C ¢ ¢ ¢C
µ

zk

wC
kk

¶ 2

D 1

or

Ã

z1

Y

i 6D1

wC
ii

! 2

C

Ã

z2

Y

i 6D2

wC
ii

! 2

C ¢ ¢ ¢C

Ã

zk

Y

i 6Dk

wC
ii

! 2

D

Ã
kY

i D1

wC
ii

! 2

: (20)

Thus, the singularvaluesof C must satisfy (20). From (15),
wC

ii D ¸=wP
ii ; i D 1; 2; : : : ; k. SubstitutingwC

ii in (20) andsolv-
ing for ¸ wehave

Ã

z1

Y

i 6D1

¸
±

wP
ii

! 2

C

Ã

z2

Y

i 6D2

¸
±

wP
ii

! 2

C ¢ ¢ ¢C

Ã

zk

Y

i 6Dk

¸
±

wP
ii

! 2

D

Ã

¸

,
kY

i D1

wP
ii

! 2

or

¸ D

Ã
kY

i D1

wP
ii

!

£

vu
u
u
t

Ã

z1

,
Y

i 6D1

wP
ii

! 2

C

Ã

z2

,
Y

i 6D2

wP
ii

! 2

C ¢ ¢ ¢C

Ã

zk

,
Y

i 6Dk

wP
ii

! 2

;

(21)

whereonly thepositive valuesof ¸ have beenconsideredsince
thesignof ¸ affectsthesignof thesingularvalueswhich must
bepositive.

Next, therestelementsof VC needto bedetermined.A sim-
ple way to determinethemis by assumingthat VC is a matrix
from aclassof matriceswhichareknown to beorthogonal.For
example,we canassumethatVC is a Householdermatrix [30].
A Householdermatrix H is deÞnedas

H D

2

6
6
6
4

1 ¡ 2d2
1 ¡ 2d1d2 ¢ ¢ ¢¡ 2d1dk

¡ 2d2d1 1 ¡ 2d2
2 ¢ ¢ ¢¡ 2d2dk

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
¡ 2dkd1 ¡ 2dkd2 ¢ ¢ ¢1 ¡ 2d2

k

3

7
7
7
5

; (22)

whered is a unit vectorandd j ; j D 1; 2; : : : ; k, areits compo-
nents.Theelementsof H arefully determinedby theelements
of d. The componentsof d can be determinedby settingthe
elementsof the last row of H equalto theelementsof the last

row of VC, (i.e.,vC
k ). In speciÞc,d j Õscanbedeterminedas

1 ¡ 2d2
k D vC

kk or dk D §

s
1 ¡ vC

kk

2
(23)

¡ 2dkdk¡ 1 D vC
k(k¡ 1) or dk¡ 1 D ¡

vC
k(k¡ 1)

2dk
(24)

Ó
Ó
Ó

¡ 2dkd1 D vC
k1 or d1 D ¡

vC
k1

2dk
: (25)

Eitherthepositiveor negativedk valuecanbeused(thepositive
valuehasbeenconsideredhere).It canbeeasilyveriÞedthatthe
vectord, whosecomponentsaredeterminedby (23)Ð(25),is a
unit vector.
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