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Recognizingbjectsfromimageshasbeenachallengingask
in computervision. This is becausebjectsmay look very dif-
ferentfrom differentviewing positions Themostsuccessfuhp-
proachis in the context of model-baseabjectrecognition[1],

wherethe ervironmentis ratherconstraineé@ndrecognitionre-
lies upon the existenceof a setof predePnednodel objects.
Given an unknovn scenerecognitionimplies: (i) theidentibca-
tion of a setof featuredrom theunknowvn scenewvhich approx-
imately matcha setof featurefrom a known view of a model
object,(ii) therecovery of thegeometridransformatiorthatthe
modelobjecthasundegone(poserecovering),and(iii) veribca-
tion thatotherfeaturescoincidewith predictions Sinceusually
thereisnoapriori knowledgeof whichmodelpointscorrespond
to which scenepoints,recognitioncanbe computationallytoo
expensve, even for a moderatenumberof models.Variousap-
proachesave beenproposedn the literaturefor dealingwith
thisissue.

Oneapproacholimit thepossiblenumbeiof matchess by us-
ing geometricconstraintd2]. Anotherapproacthis to establish
hypotheticalmatchesusing the minimum possiblenumberof
model-scen&aturecorrespondencg8]. Indexingisanalterna-
tiveapproactwhichhasbeengiven considerablattentionately
[4D14]ltisbasedntheideaof usingapriori storednformation
aboutthe modelsin orderto quickly eliminatenoncompatible
model-scendeaturematchesduring recognition.Hence,only
the mostfeasiblematchesare consideredthatis, the matches
wherethe modelfeaturescouldhave projectedo thescendea-
tures.Indexing-basedmethodsusually emplgy a hashscheme
to efbciently storeand retrieve information aboutthe models
into a hashtable. Therearetwo differentphasesf operation:
preprocessingandrecaynition. During preprocessinggroupsof
modelfeaturesareconsideredndadescriptiorfor eachoneof
themis computedThesedescriptiongrethenusedo accesshe
hashtable. Appropriateinformation aboutthe group of model
featuresis storedin the indexed location. During recognition,
groupsof scenegpointsareconsideredndtheir descriptionsare
usedto accesshehashtable.

In the noiselesscase eachindexed locationwill containex-
actlythesetof modelgroupscompatiblewith thegroupof scene
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featuresisedoaccesshetable.ldeally, onewouldlik etheindex

computedrom a group of modelfeaturego remainthe same,
regardlesof changesn theappearancef themodelwhenit is

obseredfrom differentviewpoints.Suchanindex is saidto be
invariant Themainadwantagefinvariantindicesisthatasingle
entryfor eachgroupof modelfeaturesieedso bestoredyegard-
lessof changesn the viewpoint. Geometrichashing[4] is an
exampleof amethodwhich usesafbneinvariantsfor therecog-
nition of planarobjects.Projecte invariantsof somespecial
casetwo-dimensionalalgebraiccurveshave beenalsoutilized

in anotherstudy[8].

Building indexing schemedo recognizegeneral3D objects
usinginvariantds notpossiblén generalsinceit hasbeershavn
thatno general-casevariantsexist for singleviews of general
three-dimensiongboint sets[12]. As a result,model-basedh-
variantshave beenproposedor indexing [10]. Thesanvariants
canbelearnedrom severalimagesof theobject.Thebasicidea
is that a function can be constructedor eachgroup of model
featureghat,given agroupof imagefeaturesgvaluatedo zero
if andonly if themodelgroupcouldprojectto theimagegroup.
Anotherapproachs to take advantageof thefactthattheangles
anddistance®f imagefeaturechangdittle (i.e.,remaininvari-
ant)over asubstantiatangeof viewing directiong(probabilistic
peakingeffect[15]). Probabilisticindexing [11] is basednthis
idea.Quitecommonarealsoapproacheghich considera sep-
aratemodelfor eachview of a3D object[5], obtainedoy taking
picturesof theobjectfrom differentviewing directionsThen,an
indexing scheméasedninvariantss employedfor eachmodel
view. Alternatively, othermethodsassumehatthe 3D structure
of themodelobjectsis available(i.e., CAD models).Theview-
ing spheres thensampledanda descriptionaboutthe images
thatgroupsof modelfeaturegproduce from eachpoint on the
viewing spherejs storedin a hashtable.During recognition,
groupsof featuresaarechoserfrom the sceneandthe hashtable
is accessedo bPndthe mostfeasiblethree-dimensionainodel
groupsthatmight have producedhem.A systembasedon this
ideahasbeenimplementedn [12], assumingrthographigro-
jection. This systemhasbeenimproved in the caseof 3D linear
transformationso that the hashtableis built usinganalytical
formulas,without having to sampletheviewing spherg13,14].
In particular it wasshawn in [14] thattheimagesof groupsof
3D pointscanberepresentedsa pair of 1D linesin two high-
dimensionakpacesDuring preprocessingachgroupof model
pointsis representedly aline in eachof thetwo spacesDuring
recognition,groupsof scenepointsare usedto retrieve setsof
modelfeaturesndexed in both spacesThe intersectionof the
two setscorrespondso the possiblymatchinggroupsof model
points.

In this paper a new indexing-basedobject recognitionap-
proachis proposedbasedon algebraicfunctions of views
[16D22].Algebraicfunctionsof views arefunctionswhich ex-
pressarelationshippmonganumberof views of thesameobject
in termsof theirimagecoordinatesalone.For example,in the
caseof orthographicprojection,the image coordinatesof ary
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threeviews of anobjectsatisfyalinearfunction[16]. The key

ideain usingalgebraicfunctionsof views for indexing is that
they allow us to computeall possibleviews (i.e., images)that
a groupof modelpointscanproduceusinga small numberof

views which containthe group. Thus, 3D modelsare not re-
quired.We will bereferringto the spaceof views thata group
of pointscanproduceasthe spaceof transformedviews of the
group.Duringindexing, the spaceof transformedriewsis sam-
pled and the sampledviews are representedn a hashtable.
During recognitionimagegroupsareusedto retrieve from the
hashtable the model groupsthat might have producedthem.
To constructhe spaceof transformedriews of a group,we ap-
ply the algebraicfunctionsof views on the referenceviews of

the group. To estimatethe allowable rangesof valuesthatthe
parametersf algebraidunctionscanassumewe useamethod-
ology basedon SingularValueDecomposition(SVD) [24] and
Intenal Arithmetic (1A) [25].

Our approachis different from [5] which requiresa large
numberof referenceviews to ensurghatnew views aresimilar
to at leastone of the referenceviews. In our case,new views
canbe constructedy combininga small numberof reference
views. FurthermoregurapproacHor generatingheimageghat
amodelgroupcanproduceduringpreprocessing morepracti-
calsinceit doesnotrequire3D models.n [13,14]for example,
the lines which representhe imagesof a modelgroupcanbe
found easily only if the 3D structureof the objectis known.
Sincethis informationis not alwaysavailable,a setof different
2D imagescontainingthe group,is usedinstead13,14]. Each
imagedebnes pointin eachof thetwo representationalpaces
anda line mustbe bttedto thesepoints,in eachspaceto ap-
proximatethe actuallines. This proceduraequiresmoreeffort
andtime sinceedgeanustbe extracted interestpointsmustbe
detectedandpoint correspondencescrosgheimagesmustbe
establishedOntheotherhand,ourapproachs basecdnasmall
numberof imagesper modeland makeson approximationsn
computingtheimageghatagroupof modelpointscanproduce.
Anotheradwantageof usingalgebraidunctionsof views is that
veribcationbecomessimpler This is becausecandidatemod-
elscanbe back-projectedntothe sceneby combininga small
numberof their referenceviews only. Finally, the availability
of algebraicfunctionsof views over a wide rangeof transfor
mationsandprojectiong16D22]makesthe proposedpproach
moregeneralandextendible.

Thepaperis organizedasfollows: In Section2 we presenaan
overview of thealgebraidfunctionsof views. A generafframe-
work for employing algebraicfunctionsof views for indexing-
basedbbjectrecognitionis presentedn Section3. In Sectiond
we presentmethodfor estimatingtheallowablerangesof val-
uesthatthe parametersf algebraicfunctionscanassumeand
in Sections weintroduceaproceduregalledOpreconditioning)
for obtainingtighterrangesf values Sections through9 deal
with a numberof practicalissuesandin Section10 we con-
sidervariousissuesrelatedto the performanceof the method.
Sectionl1 presentsecognitionresultsusingbothartibcialand
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real3D objectsassumingrthographigrojectionand3D linear
transformationskinally, Section12 includesour conclusions.

In this section we summarizea numberof theoreticaresults
regardingalgebraidunctionsof views.First,weintroducesome
terminologythatwill beusefulthroughouthispaperWeassume
thatthedatabaseontainsM modelsandthateachmodelis rep-

caseof planarobjects,oneaspectper objectis enough,while
in thecaseof generalBD objects moreaspect@renecessaryo
representhe objectfrom differentviewing directions.We as-
sumethateachaspects representetly V differentviewswhich
we call referenceviews. The numberof referenceviews V per
aspectlepend®nthetransformationandprojectionundercon-
siderationandwill be specibedn the next paragraphFor each
aspectyweassumeanumbenf Ointerest@intsN (e.g.corners,

junctions,etc.),which arecommonin all the views associated

BEBISETAL.

erenceviews V; and V, of the sameobjectwhich have been
obtainedby applyingdifferentlinear transformationsandtwo

points p°D (x% y9; p°D (x%y%9, one from eachview, which
arein correspondencé&hen,given anovel view V of thesame
objectwhichhasbeenobtainedy applyinganothetineartrans-
formationandapointp D (x; y) whichisin correspondencgith

pointsplandp®thecoordinatesf p canbeexpressedsalinear
combinationof the coordinate®f p®and p®as

x D a1x°C ayy°C azx’®C ay ()
y D bix°C byy°C bsx%%C by; 4)
wherethe parametersy; bj; j D 1;:::; 4, arethe samefor all

thepointswhicharein correspondencacrosshethreeviews. It
isworthmentioningthatnotall theinformationfrom thesecond
referenceview is usedbut only Ohal©of it (i.e., only the x
coordinates)Of course(3) and(4) canberewritten usingthey
coordinate®f thesecondeferenceview instead.

The extensionof algebraicfunctionsof views in the caseof

with theaspectWe alsoassumehatthe point correspondences Perspectie projectionwas carriedoutin [20D23].In particulay

acrosgheviews have beenestablished.

Algebraic functions of views were brstintroduced,in the
caseof scaledorthographicprojection(weak perspectie), by
Ullman andBasri[16]. In particular it wasshown in [16] that
if we let anobjectundego 3D rigid transformationgi.e., rota-
tionsandtranslationsn spacelandwe assumehattheimages
of an objectare obtainedby orthographicprojectionfollowed
by a uniform scaling,thenary novel view of an objectcanbe
expressedsa linear combinationof threeotherviews of the
sameobject.Specibcallylet us considerthreereferenceviews
of the sameobject Vy; V,, and V3, which have beenobtained
by applying different rigid transformationsand three points
p°D (X% y9; p°D (x%9y%Y, and p°°® (x°%y%% onefrom each
view, which arein correspondencdf V is a rovel view of the
sameobject,obtainedby applyinga differentrigid transforma-
tion, and p D (x; y) isapointwhichis in correspondenceith
p% p° and p°®thenthe coordinateof p canbe expressedn
termsof the coordinate®f p% p®and p®%s

x D a3x°C ayx%C azx°°¢C a4 (1)
y D b1y°C boy°C bsy®€ by; )
wherethe parametersy; bj; j D 1;:::; 4, arethe samefor all

the pointswhich arein correspondencacrosghefour views.
Theaboveresultcanbesimplibedif we generalizéheortho-
graphicprojectionby remaoving the orthonormalityconstraint
associateavith therotationmatrix. In this case the objectun-
degoesa 3D linear transformationn space Linear combina-
tionscorrespondo scaledorthographigrojectionfollowed by
a 2D afpnetransformationandthey characterizealsothe im-
agesthat can be producedby a photographof an object[26].
In this case,the algebraicfunctionsof views are simplerand
they involve only two referenceviews. Let usconsidertwo ref-

it was shavn that three perspectie views of an objectsatisfy
atrilinear function. Moreover, it was shavn thata simplerand
morepracticalpair of algebraicfunctionsexist whentherefer
enceviews areorthographid20, 21]. Thisis usefulfor realistic
objectrecognitionapplicationsIn this paper we considerthe
caseof orthographigrojectionassumingD lineartransforma-
tionsonly.

Algebraicfunctionsof views canbeusedto predicttheimage
coordinate®f pointsin anovel view by appropriatelycombin-
ing theimagecoordinate®f the samepointsacrossanumberof
referenceviews. Thisideacanbeusedfor recognizingunknavn
views of anobject[17, 23]. Therearetwo main problemswith
thisapproachbprst,we needto bndwhich pointsfrom therefer
enceviews correspondo which pointsfrom theunknavn view
and,secondwe needto Pndthe correctvaluesfor the param-
etersof the algebraidfunctions(i.e., a; Osbj ®).Both problems
aredifbcultto dealwith. Firstof all, thenumberof possiblepoint
correspondencdsetweernreferenceandnovel views increases
exponentiallywith the numberof points.Secondsearchindor
theappropriatgparameteraluesmight be prohibitive sincethe
domainof parametersnight be very large [16]. Here,we pro-
posehecouplingthealgebraidunctionsof viewswith indexing.
Theideais to usealgebraidunctionsof views to predictall the
views (i.e., images)that a group of modelpoints canproduce
andrepresenthe predictionsin a hashtable.During recogni-
tion, groupsof pointsare chosenfrom the sceneandthe hash
tableis accessedo Pndall the model groupsthat might have
producedhemalongwith informationrelatedto the point cor
respondenceandthe parametersf the algebraidunctions.
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A framework for indexing usingalgebraicunctionsof views.

Given a model,a setof aspectsa setof referenceviews per
aspectandthe point correspondencescrosghe views of each
aspectthe brststepis to computethe allowablerangesof val-
uesthattheparametersf algebraidunctionscanassumeThen,
theviewsthatamodelgroupcanproduce(spaceof transformed
views)canbecomputedy combiningthereferenceriewsof the
modelgroupusingalgebraidunctionsof views.Fromapractical
pointof view, it isimpossibleto considerall possiblecombina-
tions, thatis, to assumall possiblevaluesfor theparametersf
thealgebraidunctions,sincethiswill generateaninpnitenum-
ber of transformednodelviews. As a result,eachparameteg)
rangeis actually samplednto a bnite numberof pointsanda
Pnite numberof transformedmodelgroupsis generatednly.
Thecoordinate®f thetransformednodelgroupsarethenused
to generatean index to a hashtable whereinformation about
themodel theaspectthegroup,andthesetof parametevalues
usedto generatehe transformednodelgrouparestored.Dur-
ing recognitionwe considergroupsof scenegpointsandwe use
theirimagecoordinatego generateanindex to the hashtable.
The entriesstoredat the indexed locationidentify a model,an
aspectamodelgroup,anda setof parametewaluesthatmight
have producedthe scenegroup. A veribcationstepfollows to
reject or acceptcandidatematchesFigure 1 illustratesthese
steps.

Therearesomeimportantissueshatmustbeconsiderediur
ing the implementatiorof the proposedschemeOne of them
is how to computethe rangeof valuesthat the parameterof
thealgebraidunctionscanassumeHere,we proposeamethod

basedon SVD [24] andIA [25]. Anotherimportantissuehas
to do with the spacerequirement®f the method.We aredeal-
ing with this issue(i) by preconditioningthe referenceviews
in orderto computenarrav range<of valuesfor the parameters
of algebraicfunctions,(ii) by generatingand storinginforma-
tion aboutonly thex or y coordinate®f thetransformednodel
groups,and(iii) by consideringonly well-conditionedgroups,
thatis, groupswhich aretolerantto noise.Finally, we consider
theissueof predictingthe parametersf thealgebraidunctions
accuratelyduring recognition.A schemebasedon neuralnet-
worksis employedfor this.

Underthe assumptiorof orthographigorojection,two refer
enceviews V; andV, mustbecombinedn orderto obtainanew
view V, asEgs.(3) and(4) illustrate.Given thepointcorrespon-
dencescrosghethreeviews,thefollowing systenof equations
mustbe satisbed,

2 32 3 2 3
x9 y? x%0 1 a by X1 Y1

fr e ibbe nhofe 2l
cececeeeccece a bs ceece
Xy Yy x® 1 as ba XN YN

where (% Y9 (3 y9):: - (<3 Y3) and (09 y29; (2 y23:: -
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(x%° y9 arethecoordinate®f thepointsof thereferenceviews
V1 and V,, respectiely, and (x1; y1); (X2; ¥2); 11 (Xn; Yn) are
the coordinate®f the pointsof thenovel view V. Splitting the
above systemof equationsnto two subsystemspneinvolving
thea; parameterandoneinvolving theb; parametersye have

Pc D px (6)

Pc D py; @)
whereP is thematrix formedby the x andy coordinate®f the
referenceviews (plus a columnof 1®), ¢; andc, arevectors
correspondingo a; @and b; @ (the parametersf the algebraic
functions),and py; py arevectorscorrespondingo thex andy
coordinatef the novel view. Both (6) and (7) are overdeter
minedwhichmeanghatthey canbesolvedusingaleast-squares
approactsuchasSVD [24]. SinceSVD is veryimportantfor the
estimatiorof theparameters@ngeswe brieRypresentts main
stepshere.Using SVD, P canbe factorizedas P D UpWp V2
wherebothUp andVp areorthonormamatriceswhile Wp isa
diagonamatrixwhoseelementsv, arealwaysnonngative (the
singularvaluesof P). The solutionsof the above two systems
arec; D P€p, andc, D P€ py whereP€ is the pseudoimerse
of P. Assumingthat P hasbeenfactorizedjts pseudoirnerseis
PC D VpWS UL whereWs is alsoa diagonalmatrix with ele-
mentsl=w{ if wf greaterthanzero(or avery smallthreshold
in practice)andzerootherwiseln specibcthe solutionsof (6)
and(7) aregiven by the equationg24]

x< Hypp T

oD Shoye ®)
ip1 Wi
)Q( “U-Pp ﬂ

c2 D i (9)
iD1 1

whereuP denotegheith columnof matrixUp; v denoteghe
i th columnof matrix Vp, andk D 4.

To determinethe rangeof valuesfor ¢; andc,, we assume
prstthatthe novel views hasbeenscaledsuchthatthe x andy
coordinatedbelongwithin aspecibdnterval. This canbedone,
for example by mappinghenovel view totheunitsquareln this
way, its x andy imagecoordinatesvill bemappedo theinterval
[0, 1]. To determingherangeof valuesfor ¢; andc,, we needto
considerall possiblesolutionsof (6) and(7), assuminghat py
and py belongto [0,1]. We have usedIA [25] in orderto solve
this problem.In 1A, eachvariableis represente@saninterval
of possiblevalues.Given two interval variablest D [t;; to] and
r D [rq; r2], thenthe sumandthe productof thesetwo intenal
variabless debnecds[25]

tCrD [tl C ry; to C I'z] (10)
tar D [min(tyirs; taro; torg; torp); maxgary; tarz; torg; toro)]:
(11)

BEBISETAL.

Applying theinterval arithmeticoperatorgo (8) and(9), instead
of standardarithmeticoperatorsyve cancomputeinterval solu-
tionsfor ¢; andc, by setting p, D [0;1] and py D [0;1]. In in-

terval notation, we want to solve the systemsPc, D p} and
Pc, D p'y, wherethe superscriptl denotesan interval vector
The solutionsc} and ¢, should be understoodto meanc) D

[c1: PciD px; Px 2 pi] andc; D [c: Pe; D py; py 2 pyl.

Signibcantesearcthasbeenperformedin the areaof inter
val linear systemg27]. In generalthe matrix of a systemof
interval equationsis also an interval matrix, thatis, a matrix
whosecomponentsireintenval variablesin our casethingsare
simplersincethe elementof P arethe x andy coordinateof
thereferenceview of the objectwhich arealwaysbxed. When
interval solutionsarecomputednot every solutionin ¢} andc,
correspondso py and p, thatbelongto p} and p)', [27, 28].
In otherwords, p, p P¢; and py p Pc,. In the context of our
approachif new views aregeneratedby choosinghevaluesfor
the parametersf thealgebraidunctionsfrom theinterval solu-
tions obtained thensomeof the generatediiews might not lie
completelywithin theunit squareWe will bereferringto these
views asOivalid viewsCandto thesolutionswhich generatehe
invalid views as Oiwalid solutionsOClearly, invalid views can
berejectedeasilyby testingwhetherthe coordinatef a view
lies within the unit square.

An intenval solutionis called Osharp@® it doesnot contain
mary invalid solutions.Within our contet, it is importantto
computesharpinterval solutionssincethis will save time and
spaceHowever, if we merelyapplytheinterval arithmeticop-
eratorson (8) and(9), thenit is very likely thatwe will obtain
solutionsthatwill notbevery sharp.Therearevariousfactors
thataffect the sharpnessf aninterval solution.Oneof themis
theparticipationof agivenintenval quantityto thecomputations
of asolutionmorethanonce[28]. As amatterof fact,thisis the
casewith (8) and(9). Tomakeit clear let usrewrite thesolution
for theith componenbfcy, 1- i - k, moreanalytically:

Vi

P

11

i
¢1 D ufx1 C ubxo C ¢ ¢ € uf;xn

p
Viz

P
W3,

i
C ubx; C ubxa C ¢ ¢ € uf Xy

v i ¢
C¢¢$V%'ukalc uhX2 C ¢ ¢C Ul xn :
kk

Clearly, eachx; (1 - j - N) entersin thecomputatiorof ¢,
morethanonce.To avoid this, we canfactorout the x; @ and
rewrite theabove equationas

|

XN X< yPyP
irYjr .
c1D X

jD1

P
rD1 Wy

Theinterval solutionc!, cannow be obtainedby applyingthe
interval arithmeticoperationson the equationabove. Similarly,
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Someartibcial3D objects.

we can obtain interval solutionsfor the rest elementsof c;
aswell asfor c'z. It should be notedthat since both (8) and
(9) involve the samematrix P and py; p{, assumevaluesform
the sameinterval, the interval solutionsc] andc}, will be the
same.

As anexample letusconsidetthe3D objectsshavnin Fig. 2
(two differentreferenceviews areshowvn perobject). Theinter
estpointsusedin this experimentcorrespondo cornerpoints.
Table1 shavs the rangeof valuescomputedfor c¢; (which are
the samewith thosecomputedor cy).

As Tablel illustrates thewidth of therangeof valuesvaries
from parameteto parameteiWide rangesarenot desirablebe-
causenoresetf valuesnustbeconsideredt isthusimportant
to considerwaysto computenarraver ranges.n this section,

atransformatiorthattransformghe original referenceviews to
new referenceviews, yielding very narrav ranges Beforewe
describethe stepsinvolved in this transformationjet us brst
investigatehow the width of therangesds affected.

In the previous section,we consideredhe interval solutions
of Pc. D py and P, D py. Alternatively, we could have con-
sideredthe solutionsof P(c; C +¢;) D (px C #px) and P(c, C
1Cy) D (py C #py), assumingll possibletp, and+py with (p, C
1py) and(py C #py) in [0,1] (px and py canbe assumedrxed,
for example, px D py D 0:5). Obviously, the width of the com-
putedintenval solutionsc} andc), will depencbnthemagnitude
of +¢c; andzc,. It is well known that the relative error in the
solution of a systemof equationsdependson the condition
numberof P [29]. In otherwords,if we considerthe system
P(cy C #¢1) D (px C £py), thefollowing inequalityis known to
betrue,

.. . L. =+
wepresenamethodologycalledpreconditioningor optimizing kicik . cond p)%;
the parametersfngesof values By preconditioningve imply kegk kpxk

Rangeof values
rangeof al rangeof a2 rangeof a3 rangeof a4
modell  [j 25.32125.321]  [; 10.15410.154]  [j 23.17323.173]  [j 5.943 6.943]
model2 [ 27.77127.771]  [; 10.15410.154]  [i 24.32824.328] [ 8.496 9.496]
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Thewidth of a; @ rangeversusthe conditionof thereferenceviews.

wherecondP) is the conditionnumberof P debnedaskPk
kPi k. If the conditionnumberof P is large, thentherelative
errorwill alsobelargewhichimpliesthatthewidth of c;@range
will alsobelarge.The sameholdstruefor c,.

We debnethe Ocondition©f a referenceview as theratio of
themaximumsingularvalueover the minimumsingularvalues
of P. Thisratio canbe regardedasthe conditionnumberof P
andwhile it is notexactly equalto the actualconditionnumbery
they usuallyhaveabouthesameorderof magnitudenumerically
[24,29]. Wehave performedanumberof experimentdo demon-
stratethe dependencef thewidth of the parameters@ngeson
theconditionof thereferenceviews. First,we generate@dnum-
berof randomviews perobjectandwe computeceachparame-
ter@range.Then,for eachparameterwe plottedthe condition
of theview (horizontalaxis) versusthe width of the computed
rangeg(vertical axis). Figure 3 showns one of the plots, assum-
ing 20 randomviews, modeB, anda;. Clearly, large condition
numberamply wide ranges.

It is thusreasonablaéo askwhetherit is possibleto choose
referenceviews having the bestpossiblecondition. Here, we
proposeaprocedurd preconditioning to transformtheoriginal
referenceviewsto new referenceviews having bettercondition.
A transformationto obtain new referenceviews from the old
referencersiews canbeobtainedusing(5)

2 3 3
Xl OO b1 a O
§ Xoo z b, ag Oz
¢¢¢¢¢¢¢¢¢¢¢ b a; O
xq Yy xP by ag 1

2 3
(l)n yo o X0
O@I 1
D X (12)
¢ ¢ ¢ ¢ ¢¢ ¢ccce
X me(a) X1
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or

PCD P"; (13)

where C is a transformationmatrix, P is the matrix corre-
spondingto the old referenceviews, and P" is the matrix cor-
respondingto the new referenceviews. The ideais to bnda
matrix C whichyieldsnew referenceviews having bettercondi-
tion. Let usconsiderthe singularvaluedecompositiorof P; C,
andP™ P D UpWpV, ; CD UcWcVJ ,andP" D UpnWpn V..
Substitutingtheseexpressionsn (13) we have

UprVP Ucwcvc D UananPn: (14)

In orderfor the new matrix P" to have good condition, its
singularvalues,that is, the elementsof Wpn, must have sim-
ilar magnitudesObserving(14) we bndit ratherdifpcult to
draw any conclusionsaboutthe conditionof the new view P".
However, this would be mucheasierif we couldrelatethe sin-
gularvaluesof P" to the singularvaluesof P andC. Without
making ary assumptionsaboutthe transformationmatrix C,
it is difbcultto establishsuchasrelationship.However, since
we have freedomin choosingthe elementsof C, (14) canbe
simplibpedif we chooseUc D Vp. Then,(14) canbewritten as
(U prVg)(VpWCVg) D (U PHWPann) or (U prWCVCT) D
(UpnWpn V), sinceVg Vp D |. Accordingto the abore equa-
tion, thesingularvaluesof P" arenow equalto theproductof the
singularvaluesof P andC, thatis, Wpn D WpWc. Thekey idea
is thento choosehesingularvaluesof C in away suchall that
thesingularvaluesof P" have the samemagnitudeOhviously,
we mustchoose\W: as

We D, Wh1 (15)

where, is a positive constant.As a result, Wen D , |, which
meansthat all the singularvaluesof P" will be equalto ,
and the condition of the new view will be the bestpossible
(one).Thedetailsinvolvedin the calculationof ;| aswell asin
the calculationof the elementsof matrix C can be found in
AppendixA.

We have performeda numberof experimentso demonstrate
thepreconditioningprocedureysingtheobjectsshovnin Fig. 2.
Figure4 shavsthepreconditionediiews (only the Prstprecon-
ditioned referenceview is shavn per objectsinceonly the x
coordinatef the secondreferenceview areused).Onecom-
mentwe canmake by observingFig. 4 is that preconditioning
seemsto spreadthe views aroundorigin. Table 2 shows the
rangesof theparameteri the caseof thepreconditionedefer
enceviews. Comparinghemwith therangesbtainedusingthe
original views (Table 1) we canconcludethat preconditioning
yieldsverytight ranges.



INDEXING BASED ON ALGEBRAIC FUNCTIONSOF VIEWS

367

2.5 L T ) L} lJ T 2'5 L] L] L) 1 ] )
sk modell-refl — | 21 model2-refl — |
1.5} - L5} -
1} L 1} -
05| L 05} -
0 0
05} 4 05 4
-l - -1k 4
-15} 4 -15F J
_2 [l L Il Il L 1 _2 L 1 1 ' Nl L
2 -15 -1 -05 0 0.5 1 L5 2 2 .15 -1 0.5 0 0.5 1 1.5 2

The Opreconditioned@ferenceviews.

Inthissectionwe considelagainthepreprocessingtepof the
proposedapproactandwe shaw thatthereis signibcantredun-
dang in theinformationstoredin the hashtable.Accordingto
ourdiscussiorin Section3, for eachmodelgroup,we compute
brstthe imagesthat the modelgroup can produce(i.e., trans-
formed model groups).Then,the coordinatef the pointsin
the transformedmnodelgroupare usedto storeappropriaten-
formationin thehashtable.Thecomputatiorof thecoordinates
of the pointsin a transformedmodelgroupis performedusing
Egs.(3) and(4). Therearetwo obsenationsto be madeat this
point. First, let us recall that both a; @ andb; @ assumevalues
from thesamerangeqseeour discussiornn Sectiord). Second,
the samebasisvector(i.e., (x® y® x%9) is involvedin the com-
putationof boththex andy coordinate®f thegroupsBasecdon
thesewo obsenationsit canbe easilyconcludedhatthetrans-
formationwhichgeneratethex coordinatess exactlythesame
asthe transformationwhich generateshe y coordinatesAs a
result,it is not necessaryo representhe sametransformation
twice over the hashtableandonly one of the two coordinates
(thex coordinatediere)canbeusedfor indexing. This simplib-
cationofferssignibcantimeandspacesavings;however, recog-
nition becomeslightly morecomplicatedSpecibcallythehash
table mustbe accessedwice per scenegroup during recogni-
tion: brst,the x coordinate®f the scenggroupareusedto give
riseto hypothesesvhich predictthea; parameterand,second,
the y coordinate®f the scenggroupwhichwill giveriseto hy-
pothesesvhichpredicttheb; parametersThen theintersection
of thehypotheseseedgo befound.Figure5 shavstherevised

Rangeof values

rangeof al rangeof a2 rangeof a3 rangeof a4

modell [j 0.454 0.454] [j 0.417 0.417] [j 0.392 0.392] [0.000 1.000]
model2 [j 0.439 0.439] [j 0.4130.413] [j 0.423 0.423] [0.000 1.000]

schemeawvhereonly the x coordinate®f thetransformednodel
groupsareutilized.

Given ascenegroup,the goal of recognitionis to predictthe
modelgroupandthe parametersf the algebraicfunctionsthat
have producedhe scenggroup.However, it is importantto un-
derstandhattherewill beerrorsin therecoveryoftheparameters
mainly becausehe hashtableis built by samplingthe spaceof
parametersito abnitenumberof points.As aresult,if anactual
imagegroupis notvery similarto oneof thetransformednodel
groupscomputedduring preprocessinghenthe predictedpa-
rameterganight not be very closeto the actualones.Of course,
theerrordepend®nthesamplingstepusedio samplethespace
of parametersThiserrorcanbemadesmallby choosingasmall
samplingstepbut thisis notdesirablesinceit will increasespace
requirementsSinceerrorsin the predictionof the parameters
will have a greatimpacton the performancef the veribcation
step(i.e.,thepredictednodelmight notbeback-projectednto
the sceneaccurately),it is importantto considerapproaches
whichwill allow usto predictthe parameteraccurately

In a recentpaper[31], we studiedthe problemof learning
to predictthe correctposeof a planarobject,undegoing 2D
afbnetransformationsThe ideawas to train a neuralnetwork
with anumberof afbnetransformediiews of theobjectin order
for it to learnto predictthe parameter®f the afbnetransfor
mationbetweenthe training views anda referenceview of the
object.Todemonstrateurapproachweperformedexperiments
usingseveral objects.A separateeuralnetwork was assigned
to eachobjectwhich was trainedwith views of this objectonly
(object-specibPoetwork$. Ourexperimentatesultsshovedthat
trainingwasextremelyfastandthatonly asmallnumberof train-
ing views was sufbcientfor the networksto generalizevell. By
generalizationve meartheability of thenetworksto predictthe
correctafbnetransformatiorevenfor views thatwerenever ex-
posedo themduringtraining.We alsoconsideredssuegelated
to thediscriminationpowerandnoisetoleranceof thenetworks.
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A revisedframawork for indexing usingalgebraicfunctionsof views.

Our resultsshaved that the discriminationpower of the net-
works was excellent. Their noisetolerancewas not very good
initially; however, it was dramaticallyimproved by applyinga
preprocessintp theinputsbasedn PCA [24].

Motivatedby thiswork, we have decidedto usethe sameap-
proachfor modelgroups.Theideais assigna differentneural
network for eachmodelgroup(group-specibPoeural networks.
To train the networks, we generatea numberof training views
which containthegroups.n fact,thetrainingviews canbecho-
senfrom theviews we generataluringthe hashtableconstruc-
tion step.Then,whenanentryis storedinto the hashtable,in-
steadf storingtheparametersf thealgebraidunctionwe store
apointerto theneuralnetwork associatewvith themodelgroup.
Figure5 shavsthehashentries During recognitionthecoordi-
natesof thescenegroupareusedto retrieve from thehashtable
appropriatenashentries.Then,the parametersf the algebraic
functions are estimatedby presentingthe coordinatesof the
scenegroupto the neuralnetwork whosepointeris part of the
hashentriesretrieved. Figure 6aillustratesthe neuralnetwork
approach.Figure 6b illustratesthe simpliPedneural network
schemdonly the x coordinatesreused).

It shouldbe notedthat the neuralnetwork approachis not
the only alternatve approacho recover the parametersf the
algebraidunctions For example we couldhave storedhecoor
dinatesf thetransformednodelgroupsn thehashtableduring
preprocessinglhen,whenascengyroupis matchedo amodel
groupduring recognition,the parameterganbe recoveredby

solving two systemsf equationgEgs.(6) and(7)). Sincethe
systemsreoverdetermineda least-squareapproachsuchas
SVD [24], canbe used.However, the neuralnetwork scheme
hasthe adwantagethat it is fasterand haslessspacerequire-
ments.To seethis, let usassumehatthedecompositiorof P is
computedfRine, asthetraining of the neuralnetworksis also
performedoff3ine. AssumingthateachmodelgroupcontainsG
pointsandthatthenumberof parameters 2k (k D 4inourcase),
the neuralnetwork approactrequires2k G multiplicationsand
2k G additionsto predictthe parameter®f the transformation
(linearnetworks).Ontheotherhand,SVD require2k(G C 2k)
multiplications,2k G divisions,and 2k(G C 2k) additions(see
Eqgs.(8)and(9)). Giventhatthesecomputationsnustberepeated
mary timesduringrecognition the neuralnetwork approachs
ohviously lesstime consumingln termsof spaceequirements,
the neuralnetwork approachrequiresthe storageof 2kG val-
uespernetwork (i.e., weights),while SVD requiresthe storage
2kG C 2k C (2k)? values(U, W, andV matrices).Given again
thatthisinformationmustbe storedfor mary groupstheneural
network approacthaslessspacerequirements.

An importantissuewhen we considergroupsof pointsis
how to chosethe group size G, thatis, the numberof points
in a group.Obviously, in orderfor the groupsto be usefulfor
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(a) Theneuralnetwork scheme(b) The simplibedneuralnetwork scheme.

matching,they mustprovide enoughdiscriminatingpower. In

fact,it is desirableto chooseG in away suchthatevery group
of image points may have beenproducedonly by one group
of modelpoints. For 3D linear transformationsthe algebraic
functionsof viewsinvolve eightparametersThismeanshatwe

needto matchat leastfour imagepointsto four modelpoints
in orderto determinethe parametersAs aresult,the minimum

groupsizewhich providessomediscriminationis bve.

It hasbeenshown that the likelihood a particulargroup of
imagepointsmatches particulargroupof modelpointsshrinks
exponentiallywith the sizeof thegroup[12]. However, it is not
possibleto considerlarge size groupsbecausehey are more
vulnerablego occlusionsAlso, thediscriminatoryimprovement
offeredby large groupsdiminishesrapidly beyond somepoint
[7]. In this paperwe have choserto demonstrat®ur approach
usinggroupsof sizebwe (G D 5). It shouldbe noted,however,
that this choiceis somevhat subjectve, and otherapproaches
might be more appropriatefor example,usingmultiple group
sizes,anadaptve groupsize,or grouping[14].

Consideringall possiblemodelgroupsfor agivensizeis not
practical since this would require too much space.Here, we
considemnly well-conditionednodelgroups.Thedepnitionof
theconditionof amodelgroupis similarto thedepnitionof the
conditionof amodelview: it istheconditionof theG £ k matrix
(denotedasPy, ), formedby consideringhex andy coordinates
of the pointsin the group, acrossthe referenceviews, plus a
columnof 18(seeEq.(5)). Assumingnoisein thelocationof the
imagepoints,the solutionof (5) will includesomeerrorwhich
is relatedto the condition of the matrix Py, [29]. As aresult,
eventhougha modelgroupmight have beencorrectlymatched
to animagegroup, it will be very difbcultfor the veribcation
procedurdo Pndadditionalmatchego supporthis hypothesis.
This will wasterecognitiontime andit is betterto avoid such
hypotheticaimatchedrom the beginning by disqualifyingbad-
conditionedmodelgroupsduring preprocessing.

To choosegroupswith good condition,we simply compute
the condition of eachmodel group andthenwe rejectgroups
having a condition greaterthan a thresholdt. It is important,
however, to ensurghatmostmodelpointsarerepresenteth the
groupschosenandthat the samemodel point doesnot appear
in every modelgroupchosenThisis to ensurethatrecognition
doesnot dependon a few model points which might not be
alwaysavailableanywaydueto occlusionsTo bPndthenumbeiof
timesamodelpointappearsn thegroupschoserwe constructa
histogramlf therearemarny modelpointsthatarenotsufociently
representeh thegroupschosenwe choosenenv modelgroups
by increasinghethreshold. If amodelpointappearsn mary
groups(e.g.,in half or more),we startremoving groupswhich
containthis point,updatingthehistogramatthesametime, until
acertaincriterionis met(e.g.,atmosthalf of thegroupscontain
the point). If this procedureeliminatesmary groups,thenwe
increasd andwe repeathe samesteps.

Anotherimportantissueis the orderof the pointsin agroup.
If we do not make any assumptiongboutthe order, eitherall
possibleordersmustbe considerediuring preprocessingr all
possibleordersmustbeconsiderediuringrecognition Sincethe
secondhpproactwill increasaecognitiortime,we considethe
prstapproactonly. To avoid consideringall possibleordersdur-
ing preprocessingye apply a canonicalorderingto the points
of the model groups.During recognition,the samecanonical
orderingis appliedto the scenegroups.Informationaboutthe
orderingis storedin the hashtable during preprocessingThe
canonicabrderingproceduremplo/edhereis very simple:we
just sortthe x coordinatesof the pointswithin a groupin in-
creasingorder During recognition,we sort both the x andy
coordinate®f the scenegroupsheforewe computetheindices
to accesghe hashtable.A differentcanonicalorderingproce-
dure hasbeenproposedn [12]; however, it is not applicable
herebecausenly the x coordinatesof the model groupsare
usedduring preprocessing.
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By consideringonly well-conditionedgroupsduring prepro-
cessingwe have restrictedoursehesto a muchsmallersetof
model groups.This saves spaceduring preprocessindput the
probability of selectinga scenegroupwhich matcheoneof the
modelgroupss nonv muchsmaller Hence mostof thehypothe-
sesthatwill beestablishedluringrecognitionwill beincorrect
and mustbe ruled out quickly. If the unknavn scenecontains
morethanoneobject,it will be very benebciato apply some
kind of groupingin orderto identify groupsof scenegpointsthat
mightbelongto thesameobject.Then,we canselectsubgroups
of sizeG from thesegroupsinsteadf selectinghemrandomly
This approachwill eliminatemary matchesput therewill be
still mary invalid matchedeft. To speedup recognition,it is
importantto keepthe numberof hypothesefow. Ourapproach
is to rejectasmary invalid matchesaspossiblewithout having
to verify them prst. This is performedby evaluatingeachhy-
pothesideforeveribcationusinga numberof simpletests.If a
hypothesipassesll theteststhenit is passedo theveribcation
step;otherwiseijt is rejected.

Theway hypotheseareformedduringrecognitions by com-
bining every hashentryretrieved usingthe x coordinate®f the

Pick a group

BEBISETAL.

scenggroupwith every hashentryretrieved usingthe y coordi-
natesof thegroup.Thiswill producemary hypothesesut notall
of themneedto beveribedIn specibclet usconsiderahypoth-
esisformed by combiningthe entry (mode}; ax; nny; order)
retrieved usingthex coordinate®f thescenegroupwith theen-
try (mode}; ay; nny; ordery) retrieved usingthe y coordinates
of the samegroup.This hypothesiswill be consideredor veri-
pcationonlyif all of thefollowing Pve conditionsaresatisbed:
(1) madely D madely, (2)ay D ay, (3)nny D nny, (4) theparam-
eterspredictedoy nn, andnny arewithin therangescomputed
duringpreprocessin@nd(5) thepredictednodelgroupis well-
conditioned Figure?7 illustratesthe procedure.

The brsttwo constraintsare straightforvard to understand:
boththe x andy coordinate®f the scenegroupshouldpredict
thesamemodelandaspectThethird constraintmpliesthatboth
the x andy coordinatesf the scenegroupshouldpredictthe
samemodelgroup.Theidentity of a modelgroupis implicitly
implied by the identity of the neuralnetwork associatedvith
it. The fourth constraintexploits the discriminatingpower of
the neuralnetworks. If somepointsin theimagegroupdo not
belongto the sameobject, it is expectedthat the parameters
predictedby the neuralnetwork will not be within the ranges
computedduring preprocessingexperimentakesultsobtained

Hash Table
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x-coordinates

-coordinates

entries
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due to
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hereaswell asin [31] have shovn thatthediscriminatingoower
of theneuralnetworksis very good.

The purposeof thelastconstraints to rule out scenegroups
thathave notbeenproducedoy well-conditionednodelgroups.
Assumingthat Py, is the matrix formedby the coordinatesf
thepointsin themodelgroupandPy, is thematrixformedby the
coordinatesf the pointsin theimagegroup,then Py, C D Py,
(seeEq. (13)). Py, consistsof four columns,the Prsttwo of
which arethe x andy coordinatesof the scenegroup,andthe
lastoneis just a columnof 1®. The third columncorresponds
to thetransformedk coordinatef the secondreferenceview.
Sinceobjectsarerecognizedrom asingleunknavn image the
elementsof this column are chosento be the sameas the x
coordinatesfthegroupin thesecondeferenceriew. Thematrix
C consistsof four columnsaswell. The brsttwo aresetto the
parameterpredictecby theneuralnetworks,andthefourthone
is justthevector[0001]" . Thethird columnmustbesetequalto
thevector[0010]" sothatthethird columnof Py, isthesameas
thethird columnof Py, . Py, canbecomputedy multiplying Py,
by Ci 1. Thelastconstrainsimply checksvhetheithecondition
of Py, D Ci 1P, islessthanathresholdthesamehresholdised
duringpreprocessing).

In this section,we considerseveralimportantissueswith re-
gardto the performancef the method:spaceequirementsef-
fect of samplingof parametersandnoisetolerancelf we as-
sumeN pointsperreferenceview andagroupsizeG, thereare
Ng D ((N;) possiblemodelgroups(withoutconsideringifferent
orderingssincewe usecanonicalordering).Let us denotethe
numberof well-conditionedgroupsas Ng (with Ng ¢ Ng).
If the samplingstepusedto samplethe rangeof parameter

Ny, D ((MaXs, | ming)=s,; C 1) values (ming;; max, corre-
spondto the min and max valuesof a;). Thus,the numberof
&nsformed/iews we needto be generateper aspects Ny D

ip1 N, - Not all of theseviews have to be considerediuring
preprocessingincesomeof themcorrespondo OirvalidOviews
(i.e.,they do notlie entirely within the unit square)Let usde-
notethe numberof valid views as Ny (Nv ¢, Ny). Eachtime
avalid view is generateda hashentry is madefor eachwell-
conditionedyroupcontainedn theview. Thus,thetotalnumber
of entriesthatmustbestoredpermodelis A, Ny Ng whereAn
is the numberof aspectsaassociatedvith modelm. This is the
numberof entriesto be storedwithout accountingfor noise.If
we choosdo accounfor noiseduringpreprocessingdditional
entriesmustbe storedaswe discusslater in this section.For
eachgroup,we alsoneedto storetheweightsof the neuralnet-
work associateavith thegroup.Eachnetwork hask inputsand
k outputs thatis, k? weightsmustbe stored.

Let us now turn our attentionto the samplingof the para-
meterslf thesamplingsteps,, is verylarge,thenthe sampling
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of the spaceof transformedviews will be very coarse.This,
however, will affect recognitionsincethe point coordinatesof
the transformedmodel groupswill be very differentfrom the
point coordinatesf the actualimagegroups.As a result, it is
very likely thattheactualimagegroupswill accessvronghash
binsduringrecognition.To investigatehisissuemorecarefully,
we needto be morespecibcaboutthe functionindex( ) which
returnsthe hashtable addressin this paper the index space
considereds the spaceof imagecoordinatesThis is different
from otherapproachewvherethe spaceof afbnecoordinatess
considerednstead[4, 13, 14]. The mainreasonthatthe afbne
spacehas beenconsideredn other approachess becauset
yields a minimal representationAlthough this is indeedtrue,
an analysisof the effect of sensomoiseis more complicated
in this case Also, the afPnespacedoesnot allow for account-
ing for sensonoiseduringpreprocessin{B2]. Representinghe
modelgroupsin thespaceof imagecoordinatesloesnotyield a
minimal representatiobut the analysisfor the effect of sensor
noiseis easierandit allows to accountfor sensomoisedur-
ing preprocessingn ourimplementationthedimensionalityof
the hashtableis equalto the groupsizeG, thatis, index( ) ac-
ceptsasinput the x or y coordinateof a groupandreturnsa
G-dimensionaindex.

To demonstratehe indexing procedurejet us assumethat
G D 1.In thiscasejndex( ) impliesa quantizatiorof theinter-
val [0,1] plusalinearscalingto ensurethatthe computedndex
btsthe dimensionf the hashtable (seeFig. 8). Specibcally
theintenal [0,1] is partitionedinto a numberof subinterals,
anda hashbin is assignedo eachoneof them.The numberof
subintenralsis determinedy thesizeof the hashtablewhichis
denotedas H. Thewidth of eachsubinteral will beh D 1=H,
andthe knot points g;, which debnethe subinterals, will be

point, thenindex(xx) D Q(x) D j if X« 2 [q}'i h=2; g} C h=2],
with qj’ beingthemiddlepointof[q;; gjc1]. In genera(G 601),
index( ) impliesa quantizatiorof a hypercubewith sidesequal

pointsin agroup,aG-dimensionaindex iscomputedy follow-
ing the previous procedurdor eachx coordinateof the group,

group are (Xg; X2;:::; Xg) while the x coordinatesof a pre-
dictedimagegroup, correspondingo the above actualimage
group, are (X; X;:::; Xg). The coordinatesof the predicted

imagegrouphave beenobtainedoy applyingthetransformation

j~th hash bin

Demonstratiorof theindex-generatiorprocess.
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% D @x°C &@y°C ¢ ¢ € &, wherex® y%:::; arethe coordi-

1
natesof the modelgroupwhich hasproducedheimagegroup

tualimagegrouparegiven by x; D a;x°C a;y°C ¢ ¢ € a. The
guestionis whetherthe actualand predictedgroupsaccesghe

Letusassumehat Q(x) D j. In orderfor Q(X) D j, we must
havejX j qjj- h=2.LetusrewritejX i qjjas
i qfiDji x)Cxii a)i-j ®i xjCixii djj: (26)
Consideringhe brsttermonly we have
R0 X
D j(@x°C &y ’C ¢¢C &))i (aax’C azy’C ¢ ¢C a)]
Dj(@ i a)x’C (& i a)y C¢¢C (& a)j
Joai afixjCidi ajjy}Ceet Ci aj
Say . Sa . Sa .
?]Xﬁc 7Jyﬂc¢¢ﬂ: > (27)

Takinginto consideratiorthatj® j qj"j - h=2, we have from
(26)and(27)

a- . Sa, .
ki - %Jxﬁc 7213/3 ce¢ee %C h=2:  (28)

Theaboveinequalityimpliesthatin orderto ensurehatthecor

1 T T T

BEBISETAL.

rect hashbin will not be missedduring recognition,we must
accounfor thesamplingerrorduringpreprocessingn particu-
lar, eachtime anentryis storedin ahashbin, we mustalsostore
a pointerto this entryin the hashbins locatedarounda neigh-
borhoodof theindexed hashbin. The sizeof the neighborhood
canbecomputedusing(28) anddepend®n the samplingsteps
(S @) andthe size of the hashtable. Equation(27) allows us
to Pndtheneighborhoodor eachof thedimensionf thehash
table. Then, we needto considerthe union of neighborhoods
over all thedimensionslt shouldbe mentionedhatour experi-
mentalresultshave shavn thatthe upperboundgiven by (28)is
nottight andmuchsmallerboundg(for example,1/2 of it) have
workedwell in our experiments.

Let us now considerthe effect of sensomoise.For this, we
assumehatthereis anuncertaintyin thelocationof the model
pointswhichis atmostn, pixels.Thismeanghatthetrueimage
pointmustlie within ne pixelsof theactual(noisy)imagepoint.
Taken into consideratiorthat eachimageis mapped(scaled)
to the unit squarebeforerecognition,the maximumdistance
correspondingo the scaledimagewill be €D ne=N;, assum-
ing imagesof size N; £ N;. The questionis whetherthe noisy
coordinateswill accesghe correcthashbin, that is, whether

e. In orderfor this to betrue,we musthave Q(x) DQ(%). Let
usconsidetthedifference % i qj“j:

%i qfiDj(xi g))Ce-j xi qjjCe- h=2Ce
To accountfor noise,we needto follow a similar procedure.

In particular every time an entry is madein the table during
preprocessingye mustalsostorea pointerto this entryin the

;)del—
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Someartibcialtestviews.
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Parameters

Actual parameterg¢Figure9(a))

PredictecparametergFigure9(a))

0.08222 0.153230.094120.55223
0.057320.022220.134130.48313

PredictedparametergFigure9(b))

0.01863 0.142230.002800.46932
0.072880.046750.19093 0.44299

PredictecparametergFigure9(c))

0.07512 0.133660.080390.53807
0.066660.028140.16176 0.49025

PredictedparametergFigure9(d))

ai; ag; ag; a4 i 0.08248; 0.153740.094630.55224 i
by; by; bs; by i 0.057750.022410.134080.48342 i
Actual parametergFigure9(b))
ai; ag; ag; a4 i 0.01866 0.142240.002800.46931 i
by; bp; bs; by 0.072910.046790.19096 0.44305
Actual parametergFigure9(c))
ai; ag; ag; a4 i 0.06960; 0.130600.085880.53691 i
by; by; bs; by i 0.066650.028180.16177 0.49026 i
Actual parametergFigure9(d))
ay; ag; ag; a4 i 0.149900.088720.142310.61792 i
by; bp; bs; by i 0.21708 0.127070.012050.55004 i

0.149900.088680.142310.61792
0.21713 0.127140.012000.54999

hashbinslocatedn aneighborhoodroundheindexed hashbin.
It shouldbe mentioned however, that someof thesepointers
might have beenalreadystoredin the appropriatehashbins
duringthe previous stepwhich accountdor samplingerror.

In this sectionwe demonstratéhe proposedapproactusing
both artibcialandreal 3D objects.The groupsize usedin the
experimentgeportechereis G D 5. A bve-dimensionahashta-
ble of size10£ 10£ 10£ 10£ 10 was utilized (h D 1=10).
The stepsizeusedto samplethe rangesof the parametersvas
Ss; D 0:05. First, we performeda numberof experimentsusing
theartibcialobjectsshavn in Fig. 2. For eachobject,we gener
ateda numberof testviews by choosingthe parameter®f the
algebraicfunctionsrandomly The testviews werenormalized
sothattheirx andy coordinatesverein theintenal [0, 1]. This
was performedoy choosingarandomsubsquarevithin the unit
squareandby mappingthe squareenclosingthe view (debned
by its minimumandmaximumx andy coordinatesjo theran-
domly chosensubsquareWe also addedsomerandomnoise
in the locationof the pointsto simulatesensomoise.Figure9
shavssomeof thetestviews consideredsolidline). In all cases,
recognitionwas successfuandthe parametersf the algebraic
functionswererecoveredvery accuratelyasTable 3 illustrates.
Figure9shawsthepredictednodelgdashedine) back-projected
ontothetestviews. The numberof hypotheseseribedin each
casds shavn in Table4. To demonstrat¢he signibcancef the
hypothesisvaluationprocedurealiscussedh Section9, Table4
shavs the numberof hypotheseseribedusing (third column)
and without using (secondcolumn) the bve conditionsmen-
tionedin Section9.

Next, we performeda numberof experimentsusingthereal
3D objectsshavn in Figs.10ab10fFor eachobject,we consid-

ereda particularaspeciandwe capturedwo differentpictures
of theobject(referenceriews).Bothreferenceviews have mary
featuresn commonhowever, thebrstview isdifferentfrom the
secondn thattheobjecthasundegonetranslatiorandrotation.
Next, we applieda cornerandjunctiondetectof33] in orderto
extract the interestpoints of the views. Figures10gb10khowv
the commoninterestpoints consideredn eachcase(the lines
connectinghecornershavebeenaddedo enablevisualization).

Then,thereferenceviews werepreconditione@ndtherange
of valuesfor the parameterof the algebraicfunctionswere
computedTable5 shavs therangescomputedor eachobject.
Table 6 shavs the numberof well-conditionedgroupschosen,
thenumberof pointsrepresenteth thegroupsandthe number
of views Ny, considerediuring preprocessing.

Someof the sceneaisedin our recognitionexperimentsare
shavn in Fig. 11. First, the interestpointsweredetectedising
thesamecornerdetectof33]. Nonimportantnteresipointswere
removed manually Then,scenegroupsarechosenandusedto
accesghe hashtable and establishhypothesesln the current
implementationthe scenegroupsare selectedrandomly dur-
ing recognition.Thisis of coursevery inefbcient.However, our
main objective hereis to demonstratéhe usefulnesf alge-
braicfunctionsof views within indexing-basedbjectrecogni-
tion. Thereis no doubtthatsomekind of groupingwill bevery

Hypotheses
Without using(1)-(5) Using (1)D(5)
Fig.9(a) 12888 45
Fig. 9(b) 50907 65
Fig. 9(c) 107603 186
Fig. 9(d) 20257 61
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Rangef values
rangeof al rangeof a2 rangeof a3 rangeof a4
modell [i 0.419330.41933] [i 0.362340.36234] [i 0.429260.42926] [0.0 1.0]
model2 [i 0.441770.44177] [i 0.451380.45138] [i 0.433680.43368] [0.0 1.0]
model3 [i 0.423210.42321] [i 0.411140.41114] [i 0.379750.37975] [0.0 1.0]

crucialto the performancef our methodor to the performance candidatenodelscannow be back-projecteantothe sceneby

of indexing-basedapproachem generalln all casesthemod-
els presentin the scenewere recognizedcorrectly Figure 11
shavstherecognizednodelsback-projecte@nthetestscenes.
Also, Table6 shavs the actualandpredictedparametersf the
algebraidunctionsin eachcase.

In this paperwe proposednew approachor indexing-based
objectrecognitionusingalgebraicfunctionsof views. The pro-
posedapproacthasa numberof adwantagesFirst, it requiresa
smallnumberof referenceviews. Mostimportantly recognition
doesnot dependon the similarity betweemovel andreference
views. Second veribcationbecomessimpler This is because

(a) (b)

applyinga linear combinationon a small numberof reference
views of the models Finally, the approactis moregeneraland

extendible. This is becausealgebraicfunctionsof views exist

over awide rangeof transformationandprojections.

To understananoreclearly the strengthsandweaknessesf
the proposedapproachwe discussnext a numberof impor-
tant issues.The prstissuehasto do with the cameramodel
beingusedin this work. From our discussiorin Section2, the
cameramodel being usedhereis basedon the assumptiorof
orthographigrojectionwhichis only anapproximatiorof per
spectve projection. Although we have not performeda care-
ful analysison the sensitvity of our methodto the assumption
of orthographigorojection,we believe that the performanceof
the methodwill degradegraduallyassoonasmore andmore
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Exampledata
points
Ng Ng Ny Nv Nv Ng represented
modell 11628 16 102060 3991 63856 16/19
model2 11628 16 136458 3344 53504 17/19
model3 26334 14 102816 2851 39914 20/22

perspectie distortionsareintroduced.In fact, somecomments
ontheeffect of perspectiity canbefoundin [16] (pagel002).
It isreportedn [16] thattheeffectof perspectiity appearso be
quite limited. Specibcallythe linear combinationschemewas
tried to objectswith ratio of distance-to-camert object-size
down to 4: 1 with only minor effectson theresults.
Anotherissueis theissueof self-occlusionindeedthecom-
binationof views methodassumeshatthe objectsaretranspar
ent[17D19].To dealwith self-occlusionthe hashtablemustbe
built usingreferenceviewsfrom differentviewpoints.However,
it shouldbe emphasizedhatthis is not the sameasusingref-
erenceview from every possibleviewpoint [5]. The key issue
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in using algebraicfunctionsof views is that correctrecogni-
tion canbe establishedslong astherearescenegroupswhich
are containedin at leasttwo referenceviews. In otherwords,
recognitiondoesnot dependon the similarity betweennovel
andreferenceviews. As a result,a small numberof reference
views shouldbe sufbcient.In this paper we have demonstrated
the proposedapproactusingreferenceviews associateavith a
specibcaspectof the model objectsonly. In otherwords, we
have madesurethat the views to be recognizedcontaincom-
mongroupsof pointswith thereferenceviews. The questionof
courseis how to choosea smallernumberof referenceviews
which allow viewpoint-independentecognition.Oneideais to
capturea large numberof referenceviews andthenapplysome
kind of aneliminationprocedureThis problemis by nomeans
asimpleoneandmoreeffort is requiredto dealwith it.

Finally, it is importantto considerthe issueof generating
realistic views both during preprocessingnd recognition.By
realisticview we meanaview thatcanbeobtainedusingaprac-
tical camera-objedetting.In thecurrentimplementationgvery
transformedriew is considerediuring preprocessingslong as
it is valid, thatis, aslong asit lies within theunit squareDisre-
gardingviewswhicharenotrealistichastwo advantagesbrstof
all, spacewill besared during preprocessingnd,secondtime
will be sared during recognition.Althoughwe arenot dealing

Realscenesndrecognitionresults.
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Parameters

Actual parameterg¢Figure11(a))

Predictedharameter¢Figurell(a))

0.037000.196920.044850.63446
i 0.123530.057570.010510.53644

Predictedparameterg¢Figure11(b))

i 0.058990.255860.003450.60009
0.111900.005500.001610.47198

PredictedparametergFigure11(c))

i 0.056360.25418; 0.000630.60274
0.094100.00416 0.000250.38447

PredictedparametergFigure11(c))

0.016820.13228 0.006010.62492
i 0.081680.031460.000180.68026

Predictedparameterg¢Figure11(d))

ay; a; ag; a4 0.037040.19696 0.04488 0.63449

by; by; bs; ba i 0.123580.057520.01046 0.53638
Actual parametergFigure11(b))

aj; ap; ag; a4 i 0.058990.255880.003480.60012

by; by; bs; ba 0.111460.004720.002980.47189
Actual parametergFigure11(c))

aj; ap; ag; a4 i 0.057580.253940.001200.60300

by; by; bs; ba 0.094070.004130.00021 0.38442
Actual parametergFigure11(c))

ap; a; ag; au 0.016820.13225; 0.006020.62491

by; by; bs; ba i 0.081680.031420.0001500.68023
Actual parametergFigure11(d))

ap; a; ag; as i 0.084810.06358 0.037320.61571

by; by; bs; ba i 0.05666 0.040540.016700.52448

i 0.08480 0.06357; 0.037330.61572
i 0.05660; 0.040490.016730.52454

with this issuehere,we believe that oneway to dealwith this
problemis by imposingcertainconstraint®nthe parametersf
the algebraicfunctions.Note that sincewe assumegeneral3D
lineartransformationgheseconstraintsnighthave to beobject
specibc.

For futureresearchye planto extendthe proposedpproach
to thecaseof perspectie projection For this,we planto usethe
algebraicfunctionsproposedn [20, 21]. In specibc Shashua
[20, 21] hasshawn that perspectie views of an objectcanbe
expresse@sanonlinearcombinatiorof two orthographiciews
of theobject.Theextensiorwill becarriedoutalongthelinesof
thecurrentapproachTherearesomeimportantdifferencede-
tweentheorthographi@andperspectiecaseThemostimportant
is thatthealgebraidunctionsof views involve eightparameters
in the caseof perspectie projection.This meanghatthe space
of transformediiewswill containmary moreviewsin thiscase.
In this case,it will be of fundamentaimportanceto consider
realisticviews only. Anotherapproachmightbeto Pndnew al-
gebraicfunctionsinvolving moreviews but lessparameterslt
mightbealsoworth experimentingwith thealgebraidunctions
proposedn the caseof paraperspeate projection[13]. In this
case the algebraicfunctionslook essentialjthe sameasthose
in the orthographiccasehowever, the parametersnustsatisfy
now certaincontraints.Also, differentneuralnetwork models
mustbe usedfor the predictionof the parameter®f the alge-
braicfunctions.In thecaseof orthographigrojection,one-layer
modelswereusedsincethecombinatiorof viewsislinearin this
case However, in the caseof perspectie projection,two-layer
modelsmust be usedsincethe combinationof views is non-
linear

We have showvn in Section5 thatWe D |, W,Ll. In this case,
C hastheform | VpWj V] . It is importantnow to choose,
in a way such that the resulting transformationmatrix C is
a valid transformationmatrix. Sincethe last columnof C is
equalto[0 0 0 1T, thefollowing equatiorshouldbe satisbed:
VpWe(vS)TD[0 0 0 7. We proceedby splitting the above
probleminto two subproblems:
WCIVE‘]:T

D z (16)

and

VpzD[0 0 O 1" (17)
Vp isknown fromtheSVD analysiof P. Theideaisto solvefor
z brst(Eq. (17)) andthensolve for (v)T (Eq. (16)). In solving
(16),weneedo consideanadditionalconstraintthemagnitude
of the solutionvector(ve)™ mustbeequalto 1:

W& ?c 'vkcfz ceee 'v§k¢2 D 1: (18)

Thisisadirectconsequenacef theorthonormalityof V. Assum-

ingthattheelement®f W arew$;i D 1; 2;:: :; k, thesolutions
of (16) are
1 Z Zy
kch c!kCZD c;”.; kaDW_c: (19)

11 22 kk
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Substitutingtheseexpressionsnto (18) we have

Uzlﬂz szﬂz szﬂz
= c 2 ceee & D1
Wy W3, Wik
or
A ! A ! A !
Y 2 Y 2 Y 2
zz w$ C z wi C¢eC z wS
iel ieR i6R
A |
V( 2
D wé (20)
iD1

Thus, the singularvaluesof C must satisfy (20). From (15),
wi D, =wf;

ing for , we have

A ! A ! A !
Y + 2 Y + 2 Y + 2
z ,w C =z wf Cce¢eC z o, w
iel ieR i6lR
A, W I,
D . Wi
iD1
or
A |
YK
D w
iD1
\lj I I I
HA -, v ' A, v [P A, v )
gt n wl C 2 w CeeC z wh o
ien ) i6
(21)

whereonly the positive valuesof , have beenconsideredince
thesignof , affectsthe signof the singularvalueswhich must
be positive.

Next, therestelementf V¢ needto bedeterminedA sim-
ple way to determinethemis by assuminghat V¢ is a matrix
from aclassof matriceswhich areknown to be orthogonalFor
example,we canassumehat V¢ is a Householdematrix [30].
A Householdematrix H is debneds

2 3
1j 2df i 2d1d2 cea 2d1dk
HD E i 2d2d1 1i 2d22 cea; 2d2dk : (22)
¢cce ¢¢c¢ ¢¢¢c c¢cc¢
i 20kd; | 2dkdy ¢¢¢lj 2d?
whered is aunit vectorandd;; j D 1; 2;:::; k, areits compo-

nents.Theelementof H arefully determinedy the elements
of d. The componentf d canbe determinedby settingthe
elementof thelastrow of H equalto the elementf the last
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row of V¢, (i.e., V). In specibcd; @ canbe determinedas

S
1 v&
1j 22D VS or dD§ —L Kk (23)
i 2ddy 1 D VG d D-V'S(k‘” 24
i 20k0k 1D Vi 1y OF O 1D Z—dk (24)
0
0
O C
V)
i 2ddi DVG or dyiDj %: (25)
k

Eitherthe positive or neggative d valuecanbeused(thepositive
valuehasbeenconsideredhere) It canbeeasilyveribedhatthe
vectord, whosecomponentaredeterminedy (23)D(25)js a
unit vector
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