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Geometric Camera Calibration
Using Circular Control Points

Janne Heikkild

Abstract—Modern CCD cameras are usually capable of a spatial accuracy greater than 1/50 of the pixel size. However, such
accuracy is not easily attained due to various error sources that can affect the image formation process. Current calibration methods
typically assume that the observations are unbiased, the only error is the zero-mean independent and identically distributed random
noise in the observed image coordinates, and the camera model completely explains the mapping between the 3D coordinates and the
image coordinates. In general, these conditions are not met, causing the calibration results to be less accurate than expected. In this
paper, a calibration procedure for precise 3D computer vision applications is described. It introduces bias correction for circular control
points and a nonrecursive method for reversing the distortion model. The accuracy analysis is presented and the error sources that can
reduce the theoretical accuracy are discussed. The tests with synthetic images indicate improvements in the calibration results in
limited error conditions. In real images, the suppression of external error sources becomes a prerequisite for successful calibration.

Index Terms—Camera model, lens distortion, reverse distortion model, calibration procedure, bias correction, calibration accuracy.

1 INTRODUCTION

IN 3D machine vision, it necessary to know the relation-
ship between the 3D object coordinates and the image
coordinates. This transformation is determined in geometric
camera calibration by solving the unknown parameters of
the camera model. Initially, camera calibration techniques
were developed in the field of photogrammetry for aerial
imaging and surveying. First, photographic cameras were
used, but recently video cameras have replaced them
almost completely. Also new application areas, like robot
vision and industrial metrology, have appeared, where
camera calibration plays an important role.

Depending on the application, there are different
requirements for camera calibration. In some applications,
such as robot guidance, the calibration procedure should be
fast and automatic, but in metrology applications, the
precision is typically a more important factor. The tradi-
tional camera calibration procedures, such as bundle
adjustment [1], are computationally greedy full-scale
optimization approaches. Therefore, most of the calibration
methods suggested during the last few decades in computer
vision literature are mainly designed for speeding up the
process by simplifying or linearizing the optimization
problem. The well-known calibration method developed
by Roger Tsai [2] belongs to this category. Other techniques
also based on the linear transformation, for example [3], [4],
[5], [6], are fast but quite inaccurate. The simplifications
made reduce the precision of the parameter estimates and,
as a consequence, they are not suitable for applications in
3D metrology as such.
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Due to the increased processing power of standard
workstations, the nonlinear nature of the estimation
problem is not as restricting as it was a few years ago.
The calibration procedure can be accomplished in a couple
of seconds iteratively. This gives us a good reason for
improving the accuracy of the calibration methods without
introducing a lot of extra time for computation. An accuracy
of 1/50 of the pixel size (around 1/50,000 of the image size)
is a realistic goal that can be achieved in low noise
conditions with proper subpixel feature extraction techni-
ques. The main improvements in the new calibration
procedure presented in the following sections are the
camera model, which allows accurate mapping in both
directions, and the elimination of the bias in the coordinates
of the circular control points.

In Section 2, we begin by describing the camera model
for projection and back-projection. In Section 3, the
projective geometry of the circular control points is
reviewed and the necessary equations for mapping the
circles into the image plane are presented. Section 4
describes a three-step calibration procedure for circular
control points. Experimental results with the calibration
procedure are reported in Section 5 and the effects of some
typical error sources are discussed in Section 6. Finally,
Section 7 offers concluding remarks.

2 CaAMERA MODEL

In camera calibration, the transformation from 3D world
coordinates to 2D image coordinates is determined by
solving the unknown parameters of the camera model.
Depending on the accuracy requirements, the model is
typically based on either orthographic or perspective
projection. Orthographic transformation is the roughest
approximation assuming the objects in 3D space to be
orthogonally projected on the image plane. It is more
suitable for vision applications where the requirements of
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the geometric accuracy are somewhat low. Due to linearity,
it provides a simpler and computationally less expensive
solution than perspective projection which is a nonlinear
form of mapping. However, for 3D motion estimation and
reconstruction problems, perspective projection gives an
idealized mathematical framework, which is actually quite
accurate for high quality camera systems. For off-the-shelf
systems, the perspective projection model is often augmen-
ted with a lens distortion model.

Let us first consider a pure perspective projection (i.e.,
pinhole) camera model illustrated in Fig. 1. The center of
projection is at the origin O of the camera frame C. The
image plane II is parallel to the zy plane and it is displaced
with a distance f (focal length) from O along the z axis. The
z axis is also called the optical axis, or the principal axis, and
the intersection of II and the optical axis is called the
principal point o. The u and v axes of the 2D image
coordinate frame [ are parallel to the z and y axes,
respectiveljy. The coordinates of the principal point in [
are [ug, vo] .

Let P be an arbitrary 3D point located on the positive
side of the z axis and p its projection on II. The coordinates
of P in the camera frame C are [z,y,2]" and in the world
frame W the coordinates are [X, Y, Z]". The coordinates of p
in I are [u,v]" and they can be solved from the homo-
geneous coordinates given by the transformation
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where F is the perspective transformation matrix (PTM),
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A is a scale factor, s is the aspect ratio, and M is a 4 by 4
matrix describing the mapping from W to C. It is
decomposed as follows:

0 1 3)

M — [R t}
where t = [tm,ty,tz]Tdescribes the translation between the
two frames, and R is a 3 by 3 orthonormal rotation matrix
which can be defined by the three Euler angles w, ¢, and k.
If R is known, these angles can be computed using, for

example, the following decomposition [6]:
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