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Motion Field and Optical Flow: Qualitative Properties

ALESSANDRO VERRI anp TOMASO POGGIO, MEMBER, IEEE

Abstract—This paper shows that the motion field, the 2-D vector field
which is the perspective projection on the image plane of the 3-D ve-
locity field of a moving scene, and the optical flow, defined as the esti-
mate of the motion field which can be derived from first order variation
of the image brightness pattern, are in general different, unless special
conditions are satisfied. Therefore, dense optical flow is often ill-suited
for computing structure from motion and for reconstructing the 3-D
velocity field by means of algorithms which require a locally accurate
estimate of the motion field. A different use of the optical flow is sug-
gested. It is shown that the (smoothed) optical flow and the motion field
can be interpreted as vector fields tangent to flows of planar dynamical
systems. Stable qualitative properties of the motion field, which give
useful information about the 3-D velocity field and the 3-D structure
of the scene, can be usually obtained from the optical flow. The idea is
supported by results from the theory of structural stability of dynam-
ical systems.

Index Terms—Motion computation, optical flow.

I. INTRODUCTION

KEY task for many vision systems is to extract in-

formation from a sequence of images. This infor-
mation can be useful for solving important problems such
as recovering the 3-D velocity field, segmenting the im-
age into parts corresponding to different moving objects,
or reconstructing the 3-D structure of surfaces in the
viewed scene. The recovery of the motion field, which is
the perspective projection onto the image plane of the true
3-D velocity field of moving surfaces in space, is thought
to be an essential step in the solution of these problems.
The data available, however, are only the spatial and tem-
poral variations in the image brightness pattern E. From
these variations it is possible to derive an estimate of the
motion field, called optical flow [1]-[3]. The assumption
that the motion field and the optical flow coincide has
often been made, the intuitive rationale being that this is
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true when spatial variations in E correspond to physical
features on the visible 3-D surfaces [4]-[6]. Homn [7],
however, has pointed out examples in which this assump-
tion does not hold. Algorithms which deal with the recov-
ery of the motion field from dense optical flow data have
been proposed, with the more or less implicit assumption
that the two fields are the same [8]-[10].

In this paper we show that the optical flow and the mo-
tion field are in general different, unless special condi-
tions are satisfied. In particular, even the hypothesis of a
Lambertian reflectance function of the viewed surfaces is
not sufficient by itself to guarantee that the two vector
fields are the same. A rigorous derivation of this result is
provided. Indeed, where sharp changes in intensity over
time are due to physical events on the moving surface
(e.g., texture and surface markings), the estimates of the
component of the motion field along the direction of the
spatial gradient of the image brightness pattern—esti-
mates which can be obtained by means of first order de-
rivative of the image brightness pattern—are accurate.
These estimates, therefore, are unlikely to be useful for
methods which rely upon a very precise, local reconstruc-
tion of the motion field. One may then ask, what is the
optical flow for? In the final part of the paper it is sug-
gested that meaningful information about the 3-D velocity
field and the 3-D structure of the viewed scene can be
obtained from qualitative properties of the motion field.
At any fixed time, the motion field can be seen as the flow
associated with some dynamical system and useful motion
motion information can be retrieved from its qualitative
properties, e.g., from its singular points. A thorough
analysis of this approach—proposed first by [11]—is pre-
sented in [12]. Then, results from the theory of structural
stability of dynamical systems suggest that, if the motion
field and the optical flow are sufficiently similar, they also
have the same qualitative properties. Therefore, the qual-
itative properties of the optical flow might be very useful
in recovering motion information (see [13], for example).

The paper is organized as follows. Section II defines
the problem and considers in detail how image irradiance
can be related to scene radiance in the case of a scene
consisting on non-Lambertian surfaces. Section III de-
scribes the method used to show that the optical flow and
the motion field are almost always different. We consider
the Lambertian model of reflectance and a more realistic
model for arbitrary rigid motion of a generic smooth sur-
face. Section IV shows that at any given time the motion
field and the optical flow can be processed to become
smooth vector fields tangent to flows of dynamical sys-
tems. Results from the theory of structural stability of dy-
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namical systems, then, are used to suggest that qualita-
tive, stable properties of the motion field hold for smooth
optical flows, provided the two fields are sufficiently sim-
ilar. Finally, in Section V, possible biological connec-
tions are discussed. Details on the geometry of perspec-
tive projection and a brief review of the theory of planar
dynamical systems are summarized in the Appendixes.

II. PRELIMINARIES

In this section notations, definitions, and assumptions
which have been used throughout the paper are stated.
The motion field and the optical flow are defined and image
irradiance is related to scene radiance in the case of a scene
consisting of non-Lambertian surfaces.

A. Definitions

Let us define notations and summarize concepts which
will be useful in what follows. For more details on the
geometry of perspective projection see Appendix A. Let

X, = f+f__,[x—(x-r7)ﬁ']
be the equation which defines the perspective projection
of a generic point on the image plane, where X, = (xp,
¥p» 0) is the position vector of the projected point, X is
the position vector of the point, # = (0, 0, 1) is the unit
vector normal to the image plane (projection plane), and
fis the focal length in a suitable systems of coordinates
(see Fig. 1). Notice that the origin O is on the image
plane, the focus of projection F is located at (0, 0, —f),
and fri + X is the vector pointing from F to the point.
The equation for ¥,, in the case of orthographic projec-
tion, can be derived simply by taking the limit of the right-
hand side of (2.1.1) for f = o, which yields

n)n.
The motion field 7, can be obtained differentiating
(2.1.1) with respect to time. If 7 = d ¥ /dt, then'

- f L oo o
v, = FrE .’_l,v—(v-n)n
v-n o o

-—jT_,"lﬁ[x—(x-n)n]}. (2.1.2)
Notice that in (2.1.2) 7, is given in terms of ¥ and 7,
position and velocity of the moving points in the scene
respectlvely, which are not known. In what follows, ¥ »
and 7, will be considered as 2-D vectors defined on the
image plane since their third component vanishes iden-
tically.

Let E = E(x,, ¥,, t) be the image brightness pattern
that is, the intensity of light at the point (x,, y,) of the
lmage plane at time ¢. If V is the gradient w1th respect to
the image plane coordmates then

dE OF

— ~+VE
dt at

(2.1.1)

i,=% - (%

(2.1.3)

"It can be easily shown that the perspectlve projection of the 3-D veloc-
ity error 7 is equal to the velocity ¥, of the projected point on the i image
plane, since both vectors are deﬁned in terms of infinitesimal.
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Fig. 1. The geometry of perspective projection.

where dE/dt is the partial derivative with respect to the
time at the point (x,, y,) and dE/dt, also called total tem-
poral derivative, can be thought of as the temporal deriv-
ative along the trajectory of the point (x,, ¥p) onto the
image plane. Equation (2.1.3) can be rewritten as

@aE

=19,

where v, is the norm of #,, component of the motion
field ¥ along the direction of VE. Now if

dE

— =0 (2.1.4)
and | V,E || # 0, then
V,E
. _ _OE/dr (2.15)
IRENVE]

Therefore, if (2.1.4) holds, the component of the motion
field along the direction of the gradient of the image
brightness &, can be written in terms of derivatives of E
(which can be computed). Equation (2.1.5) can be inter-
preted as an instance of the well-known aperture problem
[2], [3], [14], [15] for the unknown ¥ vU,: that is, the infor-
mation available at each point of a sequence of frames is
only the component of the motion field along the direction

of V E. In order to compute the full 2-D optical flow,

some other constraints are needed: Horn and Schunck [3]
for example, look for the smoothest 2-D vector field
whose component along V E coincides with the right-hand
side of (2.1.5). Examples for which (2.1.5) is not true are
well-known [3]. Consider, for instance, a rotating sphere
with no texture on it (i.e., with uniform albedo) under
arbitrary, fixed illumination. Since the image brightness
at each image location does not change with time, the left-
hand side of (2.1.5) is“identically equal to zero, while the
right-hand side is different from zero almost everywhere.
Notice that keeping the sphere fixed and moving the light
source, (2.1.5) is again wrong. In this case, however, the
right-hand side is different from zero while 7, is zero
everywhere. Since (2.1.4) is often assumed as a starting
point for computing the optical flow, it is interesting to
calculate explicitly the total temporal derivative of E with
respect to time. The calculations require both an accurate
definition of image formation properties and an analytical
model of the reflectance function.
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B. Scene Radiance and Image Irradiance

Let us review some definitions of photometry and make
explicit the constraints under which the image irradiance
is related to the scene radiance. The image irradiance can
be thought of as the image brightness pattern E = E(x,,
¥,), since it is the power of light per unit area at each
point (x,, y,) of the image plane. The scene radiance L is
the power of light per unit area which can be thought of
as emitted by each point of a surface S in the scene in a
particular direction. This surface can be fictitious, or may
be the actual radiating surface of a light surface of a light
source, or the illuminated surface of a solid. The scene
radiance can be thought of as a function of the point of
the surface and of the direction in space. If (a, b) is a
point on the surface S in intrinsic coordinates of the sur-
face and (o, B) polar coordinates determining a direction
in space with respect to the normal vector to the surface,
then L = L(a, b, «, B) gives the scene radiance at the
point (a, b) in the direction (a, 8). Given the scene ra-
diance, in principle, it is possible to compute the expected
image irradiance. For example in the case of pinhole cam-
era approximation, i.e., assuming that the camera has an
infinitesimally small aperture, the image irradiance at a
point (x,, ¥,) is proportional to the scene radiance at the
point (a, b) on the surface in the direction of the pinhole,
say (g, Bo), where the projected point, the original point,
and the pinhole lie on the same line (see Fig. 2). There-
fore,

E(x,(a, b), y,(a, b)) = L(a, b, ag, By) (2.2.1)

if (x,(a, b)), y,(a, b)) is the image point which lies on
the line through (a, b) and the pinhole. In practice, how-
ever, the aperture of any real optical device is finite and
not very small and (2.2.1) does not necessarily hold. As-
suming that the surface is Lambertian i.e., L(a, b, «, 3)
= L(a, b), that there are not losses within the system and
that the angular aperture (on the image side) is small, it
can be proved [16] that

E(x,(a, b), y,(a, b)) = L(a, b) Q cos* ¢

where Q is the solid angle corresponding to the angular
aperture and ¢ is the angle between the principal ray (that
is, the ray through the center of the aperture) and the op-
tical axis. With the further assumption that the aperture is
much smaller than the distance of the viewed surface, the
Lambertian hypothesis can be relaxed to give [17]

E(x,(a, b), y,(a, b)) = L(a, b, crg, Bo) @ cos* ¢
(2.2.2)

where o and B, are the polar coordinates of the direction
of the principal ray. It must be pointed out that (2.2.2)
holds if L is continuous with respect to o and 3. In what
follows, it will be assumed that the optical system has
been calibrated so that (2.2.2) can be rewritten as (2.2.1).
Finally, notice that

(2.2.3)

= . = da db
VPE.UP=VSL.< >

di’ dr

0

/ \(x,,y,)

Fig. 2. Scene radiance and image irradiance in the pinhole approximation.
The image irradiance at the point (x,,, y,) is given by the scene radiance
at the point (a, b) on the surface in the direction of the line connecting
the two points through the pinhole Py,.

where 63 is the gradient with respect to the surface co-
ordinates, since differentiating (2.2.1) yields

V,E - (dx,, dy,) = VsL - (da, db).

IIT. COMPUTING DERIVATIVES OF THE IMAGE
BRIGHTNESS IN TERMS OF SCENE RADIANCE

The general method which is used to show that optical
flow data almost always give inaccurate estimates of the
component of the motion field along the gradient of the
image brightness is presented. The Lambertian model of
reflectance and a more realistic model are assumed for
pure rotation, pure rotation, and general rigid motion of
a generic surface. The motion field and the optical flow
are exactly the same only for Lambertian objects which
translate under uniform, fixed illumination.

A. The Method

Consider a rigid surface § moving in space. From
(2.2.1), the image irradiance FE at time ¢ at the point (x,,

'yp) is equal to the scene radiance L at the point (a, b) on

S, i.e., E(x,, y,, 1) = L(a, b). The image irradiance at
time t + At is given by the scene radiance from § at time
t + At. As shown in Fig. 3, the point on S which radiates
toward (x,, y,) at time ¢ + At is the point (a — Aa, b —
Ab).? The unit normal vector N to S at the point (a —
Aa, b — Ab) at time t + Atis

N1+A:(a -

= N(a — Aa, b — Ab) + AN

Aa, b — AD)

where AN is the first order variation of N due to the mo-
tion of S during the time interval Az. Now in the case of
translation

AN =0
while in the case of rotation with angular velocity &

AN = @ x NAt. (3.1.1)

The surface is assumed to correspond to a moving convex body to avoid
self-occlusions. In fact, the computations which follow hold for any con-
vex surface patch.
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Fig. 3. Computing dE/dt. The point (a, b) on S radiates toward (x,, y,)
at time ¢. The point (a — Aa b~ Ab) radiates toward the same point
at time ¢ + At. The vectors Nl and N2 are the unit normal vectors to the
surface S at the point (a, b) and (@ — Aa, b — Ab), respectively.

Notice that (3.1.1) can be considered as the expression
of AN for any kind of motion. Similarly, for each argu-
ment A of the scene radiance, we can write

Aisala — Aa, b — Ab)

= A(a — Aa, b — Ab) + AA. (3.1.2)

To compute AA, let us distinguish between arguments
of L which are intrinsic function of the surface coordi-
nates, such as texture and albedo, and those which can be
thought of as function of the surface coordinates, but, in
fact, are function of 3-D space coordinates, such as the
illumination and the point of view. If 4 is an intrinsic
function of the surface coordinates, it follows easily that

AA =0

while if A is a function of 3-D space coordinates, from
Taylor’s expansion we have

AA = VA - BAt (3.1.3)

where V is the gradient operator with respect to the 3-D
space coordinates. Let us assume that L can be written as
a function of m arguments Al i=1,+-, m, and of N.
Then, taking into account (3. 1 1) and (3.1.2), (2.2.1) be-
comes

E(x,, y,, t + At)
= L(A{(a — Aa, b — Ab)
+ AA', N(a — Aa, b — Ab) + AN) (3.14)
at time 7 + At and
E(x,, Y, 1) = L(Ai(a, b), N(a, b)) (3.1.5)

at time ¢. Therefore, using (3.1.4) and (3.1.5) and drop-
ping the subscript + we have

oE = da db r oL
E_ G- (%L, s LG43
ot $ <dt’dt> =194’ v
oL -
+—=-+a& XN (3.1.6)
oN
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ifp,p < m,ofthe d’, i =1, - - - , m, require the use
of (3.1.3) to compute AA aL/aN = (aL/aNX, dL/oN,,
dL/9dN,), and N = (N,, N,, N,).

From (2.2.3) and the deﬁnition of 7,, (3.1.6) can be
rewritten as

BE

7= 5 X N.
a @

FE e+ 2 G g K
oN

| 04"
(3.1.7)

Fmally, if Av, is the norm of the difference between

¥, —the true component of the motion field & alongV E—
and I V E | ! dE/dt—the estimate of || 7, | whlch can
be obtamed from (2.1.5)—from (3.1.7) we have

1 L) S

= , -3 x N|.
LR

. OL
v+ —
oN

Av, =

(3.1.8)

Thus, Av, vanishes, or the motion field and the optical
flow are the same, if the reflectance function does not de-
pend upon 3-D space coordinates and the surface under-
goes pure translation.

Let us consider now some interesting examples in de-
tail.

B. Translation of a Lambertian Surface

Consider a Lambertian surface S. In the hypothesis of
uniform illumination, the scene radiance due to S is

L=pl-N (3.2.1)
where p is the albedo of the surface, T the ur_l)it vector
which gives the direction of illumination, and N the unit
normal vector to S. If the surface is translating, substitu-
tion of (3.2.1) in (3.1.8) yields

Ay, =0 (3.2.2)

since & = 0 and none of the arguments in L depends upon
3-D space coordinates. Therefore, in the case of a Lam-
bertian surface which is translating under uniform illu-
mination it is possible to estimate correctly the component

of the motion field in the direction of ﬁpE from optical
flow data.

In the case of nonuniform illumination the right-hand
side of (3.2.2) contains an extra term due to Al. A rig-
orous analysis of the relevance of this term in (3.2.2)
would require a realistic model of illumination. In prac-
tice, if the object is not moving very slowly, (3.2.2) is
expected to be satisfied almost everywhere a part from
locations where the gradient of illumination cannot be ne-
glected (e.g., shadow boundaries).

Let us consider now the case of a rotating Lambertian
surface.

C. Rotation of a Lambertian Surface

Let S be a Lambertian surface rotating in space with
angular velocity ¥ around an arbitrary positioned axis.
Applying the same argument of the previous section but
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taking into account the constraint (3.1.1) for EN, (3.1.8)
yields
Ipl_\} . 7 X &3‘
Avy, = ——=———
Iv,E|l

In the case of rotation, therefore, even under uniform
illumination, the estimate of the motion field by means of
optical flow data is corrupted by a systematic error. No-
tice that the error vanishes if the surface is rotating around
an axis parallel to the direction of illumination. In the case
of nonuniform illumination again a corresponding extra
term must be added to the right-hand side of (3.3.1).

For a sphere rotating around an axis through its center,
due to rotational symmetry we have

(3.3.1)

J_\}(a—Aa,b — Ab)
+ 3 X N(a — Aa, b — Ab) At = N(a, b)

for every point (a, b) on the sphere. Therefore, if p is
uniform, since the displacement in space equals the dis-
placement on the sphere, (3.1.6) gives

oE
Fyi 0
which means that
Av, = |7,

or, in other words, that all the motion information in the
image brightness pattern is lost.

D. Translation of a Specular Surface

Let us consider, now, a more realistic reflectance
model. The scene radiance can be thought of as a suitable
linear combination of a Lambertian and a specular term

[18], i.e.,
L= Llamb + L (341)

where the Lambertian contribution is the same of (3.2.1)
and the specular term is

D - R\,
L—s( D >

where s is the fraction of light reflected by the surface,
D = fr + X is the vector pointing from the focus of
projection to the radiating point and

spec

(3.4.2)

R=1-2(1-N)N (3.4.3)

is the unit vector which gives the direction of perfect
specular reflection. Assuming that s is not a function of
the direction of the incident light and that is constant on
the surface, the specular term is proportional to the nth
power of the cosine of the angle between the direction of
specular reflection and the line of sight. It is clear that the
contribution to Av, due to the Lambertian term has al-

ready been computed. In the case of translation the con-
tribution of the specular term can be obtained substituting
(3.4.2) in (3.1.8) which gives

= A\ n—1
so = g [ <D1‘)R> (5 x B) - (& x B)
(3.4.4)
since
D
Z= v

where ¥ is the velocity of the translating surface. Thus,
if the reflectance function has a specular component, the
motion field and the optical flow are different even in the
case of translation. In the case of orthographic projection,
i.e., for f — oo, the right-hand side of (3.4.4) vanishes
since D — o. Therefore, in the approximation of ortho-
graphic projection, the estimate of ¥, is correct for any
translating surface whose reflectance function satisfies
3.4.1).

E. Rotation of a Specular Surface

Let us compute the contribution of the specular term of
(3.4.1) to Awv, in the case of a rotating surface. Substi-
tuting (3.4.2) in (3.1.8) and taking into account the con-
straint (3.1.1), we have

1 sn(l_j-ﬁ

19,E|

Av, o3 D) {(# xD) - (R x D)
—2D*[(D - N)(T - & x N)

+ (T -N)(D - & x N)]}

(3.5.1)

which, in general, is different from zero. Since for f = o
(3.5.1) yields

Av, =+12 !
Iv,E|

sn(R-#)' " [(#-N)T-&xN)

+(1-N)(7 -3 xN)| (3.5.2)
the estimate of ¥, , in this case, is affected by error even
in orthographic approximation, unless /, &, and # are

parallel.

F. General Case

Let us assume now that a generic object whose reflec-
tance function is described by (3.4.1) undergoes a given
arbitrary rigid motion (composition of a translation and
rotation in space). Adding together contributions (3.3.1),
(3.4.4), and (3.5.1), for the difference Av, between the
expected and the computed component of the motion field















