Camera Calibration
(Trucco, Chapter 6)

* What is the goal of camera calibration?

- To produce an estimate of thgtensic and intrinsic camera parameters.

* Procedure

- Given the correspondences between a set of point features irotle(Xy,, Yy, Zy)

and their projections in an image{, Y;m), compute the intrinsic anckteinsic cam-
era parameters.
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» Establishing the correspondences

- Calibration methods rely on one or more images of a calibration pattern:

(1) a 3D object of kn@n geometry
(2) it is located in a knen position in space.

(3) it is generating image features which can be located accurately



- Consider the abee alibration pattern:
* it consists of tw orthogonal grids.
* equally spaced black squareswraon white, perpendicular planes.
* assume that the ovld reference frame is centered at thedoleft corner of the
left grid, with axes parallel to the three directions identified by the calibration
pattern.
* given the size of the planes, their angle, the number of squaretaétknovn
by construction), the coordinates of eadrtex can be computed in theond

reference frame using trigonometry

* the projection of the artices on the image can be found by intersecting the
edge lines of the corresponding square sides (or through corner detection).



* Methods
(1) Direct parameter calibration.

Direct recoery of the intrinsic andxrinsic camera parameters.
(2) Camera parameters through the projection matrix
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(2.1) Estimate the elements of the projection matrix.

(2.2) Compute the intrinsict&insic as closed-form functions of the entries of
the projection matrix.
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Method 1: Direct Parameter Calibration

- We assume that the ovld reference frame is knm (e.g., the origin is the middle
lower corner of the calibration pattern).

» Review of basic equations

- From world coordinates to camera coordinates (note that we dwanged the order
of rotation/translation):

P.=R(P,-T)orP.=RP,-RTorP,=RP,, - T’
- In the rest of this discussion, | will repla€éwith T:
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- From camera coordinates to pbcoordinates:

f X,
yim__ylsy"'oy__s_yz_c"'oy

- Relating world coordinates to p&d coordinates:

raXw + oYy 1132y, + Ty
“ra X +3oYw + 1332y + T,

Xim — 0y = — f/s

Fo1Xw + oYy + 1232y + Ty
Y raa Xy + 13y + 1332y + T,

Yim— 0y =— f/s
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 Independent intrinsic parameters
- The five intrinsic parameters, s,, s, 0, 0Oy are not independent.
- We can define the foling four independent parameters:

f, = f/s,, the focal length in horizontal paks

=sy/sy (or = f,/f,), aspect ratio

(0x, 0y), image center coordinates

* Method 1: main steps

(1) Assuming thab, ando, are knavn, estimate all the remaining parameters.

(2) Estimateo, ando,

» Step 1: estimatef,, ,R,andT
- To amplify notation, considerxy, = 0y, Yim = 0y) = (X, Y)

raXw +roYw + 1132, + Ty
T3 Xy +32Yw + 332y + T,

o1 Xw +r2oYw t 1232y + Ty
Y rai Xy +T32Yy + 1332y + T,

y=-1f

- Using the &ct that the ab@ wo equations hae the same denominatore get the
following equation:

X fy(r21xw + r22YW + r23ZW + Ty) =Yy fx(r 11XW + r12YW + r132W + Tx)
Problem Statement

Assuming thab, ando, are knaevn, computef,, , R, andT from N correspond-
ing pairs of pointsX",Y", Z"), (xi,¥i),i =1,... N.




Derive a system of equations

- Each pair of corresponding points leads to an equation:
X fy(ron X" + 1Y\ + 132" + Ty) =y f(rin X + 10" +113Z" +7T))
- Rewrite the abwe eguation as follwss (i.e., dvide by f,):

Xi X'V + XYV + X 2"V + XV = Y XVs = Y Y Ve - Y v — yivg = 0

where
Vi=1I V5= I
Vo=T2 Vg= TI12
V3 =TIp3 V7= TI313
Vg4 = Ty Vg = TX

- N corresponding points lead to a homogeneous systeh erfuations with 8
unknowvns:
Av =0 where:

X! X Y! xZ0 xg —yiX! -yY!Y vzl -y

A-BXZX%’ Xo2Ys  XoZy X Yo Xy VoY —YoZy ‘WB
. -0

XNXN XNYN XNZN XN “YNXN —YNYN —YNZN -yn O

Solving the system

- It can be shan that ifN > 7, thenA has rank 7.
- If A=UDV', we havediscussed in class that the system has a miaitsolu-
tion v which is proportional to the column @fcorresponding to the smallest sin-
gular \alue ofA (i.e., the last column of which we denote ag):

v= Vv ( isthescaledctor) or v= v( =1/)

- Using the components gfandv:

(V1,V, V3, V4, Vs, Vg, V7, Vg) = (Fa1, T2, T 23, Ty, T11, T12, T3, Ty)



Determine and | |

VVE+Vs+V3 =+[ 2(r5 +12,+15) =| |
(rd, +r5,+r55=1)
VVE+VE+VE =~ 2 2t +1],+15) = | |
("%1+r%2+r%3=16“d >0)

Determine rq, oo, 23, F11, 12, F13, Ty, Tx

- We @an determine the ale parameters, up to an unkmo common sign.

ro=21|vi ryu=1 1]
roo =1/ [V, rip=1/]]Vs
rog=1/] [Vv3 ryi3=1/ ||
Ty:1/||\74 T,=1/ | |

Determine ryq, '3, a3

- Can be estimated as the cross produ®chnd R,:
R3 = Rl X R2

- The sign ofR; is already fied (the entries oR; remain unchanged if the signs
of all the entries oR; andR, are reersed).

Ensuring the orthogonality of R

- The computation oR does not ta& into account xplicitly the orthogonality
constraints.

- The estimatdR of R cannot be xpected to be orthogonal (e.&R' = 1).
- We can "enforce" the orthogonality dRby using its SVDR = UDV '

- ReplaceD with I, eg.,R =UIVT (RRT = 1)



Determine the sign of

- Consider the follving equations agjn:

M1 Xw FroYy + 1220 +T X
X:—f/SX 11 \w 127w 134w X:—f/SX—C
r3aXw +r3pYw +rasly + T, Z:
o1 Xw +rooYy + o9y +T Y,
y=—f/Sy 21 \w 22w 234w y=—f/Sy—C
39 Xw + 3ol +r33Zy + T, Z:

- If Z.>0, thenx andr 1 X, +r12Y,, +r13Z,, + Ty must hae qposite signs (it is
sufficient to check the sign for one of the points).

If X(ri1 Xy +rioYw tr13Zy + Ty) > 0, then
reverse the signs of rqy, rqo, r13, and Ty
else
no further action is required

- Similarly, if Z.>0, theny andr,;X,, + Y, +r»3Z, + T, must h&e qposite
signs (it is sufcient to check the sign for one of the points).

if y(r21XW + I‘22YW + r23ZW + Ty) > 0, then
reverse the signs of ry, Iy, oz, and Ty,
else
no further action is required



Determine T, and f,:

- Consider the equation:

rllxw + r12YW + r13ZW + Tx
“Ta X 3oV + 1332y + T

x=-f/s

- Let’s rewrite it in the form:
X(r3p Xy +r3oYw + 133y + T;) == f/s(rig Xy +r1oYy + 132y + Ty)

- We aan obtainT, and f, by solving a system of equationsdilhe abwe, writ-

ten forN points:
T, O
An.°=b  where

Ofx o

OX1 (rua XY +rY] +r3Z7 + T )0 O-Xa(raa Xy +raY1 +r3Zf +Ty) O
A= sz (F1aX3 +r12Y5 +r13Z3 +Ty) Bb: B—xz(r31X§V+r32Y§"+r3325"+TX) E
D--- Rl D D 'Rl D
XN (Faa XN +r12YN +r1sZ8 +T) O O-xXn(raaXN +raYN +rasZy + Ty) O

- Using SVD, the (least-squares) solution is:

[
fZ 0= (ATA)—lATb
HN

0T
[

Determine f,:

- From f, = f/s, and f, = f/s, we hae:

f, = f,d
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* Step 2: estimateo, and o,
- The computation ob, ando, will be based on the foleing theorem:

Orthocenter Theorem: Let T be the triangle on the image plane defined by the three
vanishing points of three mutually orthogonal sets of parallel lines in space. The
image centerdy, oy) is the orthocenter of .

- We @an use the same calibration pattern to compute tlar@shing points (use three
pairs of parallel lines defined by the sides of the planes).

Note 1: it is important that the calibration pattern is imaged from @wp@ent guaran-
teeing that none of the three mutually orthogonal directions will be near parallel to
the image plane !

Note 2: to improve the accurag of the image center computation, it is a good idea to
estimate the center usingveml views of the calibration pattern andesage the
results.
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Method 2: Camera parameters though the projection matrix

» Review of basic equations

X X
[ Xp O DXDW DD DD, W DD 0Ny My Mgz Myy DDD ,W DD
L=w [ a=w L=w [
w m m m
U™ 0 01 O 01 0O (M1 32 33 34DD1D

X=—

Xp _ M Xy + MypYy + MygZy + My

W Mg Xy + MgoYy, + Ma3Zy, + Mgy

Yh _ Mpi Xy + MpoYy, + Mp3Zy, + Myy

y=——

W Mg Xy, + MgpYy, + Mg3Zy, + Mgy

(Note: | havereplacedx;,, with x andy;,, with y for simplicity)

* Step 1: sole for m;s

- The matrixM has 11 independent entries (e.gvjdk every entry bymy,).

- We would need at leadii=6 world-image point correspondences to solor the

entries ofM.

w w w w W w —_
My X"+ MyoYi" + My3Zi™ + Myg— Mgy X Xi¥ — MgoXY; —MgaXiZi" + Mgy =0

w w w w w w —_
Mo X" + MpoYi" + MpgZi™ + Myg — Mgy X — Mgay; Y — Magy Zi" + Mgy =0

- These equations will lead to a homogeneous system of equations:

Am=0 where
XYY zZ¥ 1 0 0 0 0 —xXxy
00 0 0 0 XV YV zV 1 —yXxV
XYY Z¥ 1 0 0 0 0 —xXy
A=00 0 0 0 XY YV Z¥ 1 —y,XV
Dlll ') e e 'R e 'R
XYY Z8 1 0 0 0 0 -xyXi

[ —

0o 0 0 0 XY vy zv —y XY

_XlYXV _Xlsz

-y1iY{  -y1Z{
XYy  —XpZy

—YoY3 =Yo7y

—XNYN —XNZN
“yNYN “YNZN
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- It can be shan thatA has rank 11 (foN > 11).
- 1f A=UDVT, the system has a nonidl solution m which is proportional to the
column ofV corresponding to the smallest singulalue of A (i.e., the last column of
V denoted here a®):
m= m( isthe scaledctor) or m= m( =1/)
« Step 2: find the intrinsic/extrinsic parameters usingm;s
- The full expression forM is as follavs:
O-furig+0xr3r —fyrio+04r30 —fyriz+0yr33 —f, Ty +0,T, 0
M = EL fyl’21 + Oyr31 - fyr22 + Oyr32 - fyr23 + Oyr33 - fyTy + OyT 0

0
O ra1 rso ras T, 0

- Let’s define the folleving vectors:

Q1 = (Myg, Myp, My3)"

Gz = (Mpy, My, Mp3)"

Gz = (Mgy, Mg, Mg3)"

Ga = (Myg, Mg, Mag)'
- The solutions are as folls (see book for details):

Oy = QI% Oy = qg%
fx=vaj-03  f, =030, -0}

- The rest parameters are easily computed ....

Question: har would you estimate the accuyaaf a calibration algorithm?
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e Some comments

- The precision of calibration depends omwraccurately the wrld and image points
are located.

- Studying hav localization errors "propate" to the estimates of the camera parame-
ters is \ery important.

- Although the tw methods described here should produce the same results (at least
theoretically), we usually obtain tfent solutions due to d&rent error propaay
tions.

- Method 2 is simpler and should be preferred if we do not need to compute the
intrinsic/extrinsic camera parameterspdicitly.



