The Geometry of Rerspective Projection

* Pinhole camera and perspectie projection

- This is the simplest imaging dee which, havever, captures accurately the geome-
try of perspectie pgrojection.

- Rays of light enters the camera through an infinitesimally small aperture.
- The intersection of the light rays with the image plane form the image of the object.

- Such a mapping from three dimensions onto thmensions is callegherspective
projection

"Pinhole"

Object
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» A simplified geometric arrangement

- In general, the wrld and camera coordinate systems are not aligned.

- To amplify the dervation of the perspeate projection equations, we will makihe
following assumptions:

(1) the center of projection coincides with the origin of tloelev

(2) the camera axis (optical axis) is aligned with tloelaVs zaxis.
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(3) avoid image iversion by assuming that the image plane is in front of the cen-
ter of projection.

» Some terminology
- The model consists of a plane (image plane) and a 3D @dzenter of pojection.

- The distancef between the image plane and the center of projeGimthefocal
length(e.g., the distance between the lens and the CCD array).

- The line througlD and perpendicular to the image plane isaptcal axis

- The intersection of the optical axis with the image place is cpliedipal pointor
image @nter.

(note: the principal point is notvadys the "actual" center of the image)



4-

» The equations of perspectie projection

(notation (x,v,2) - (X,Y,2),r - R (X,Y,Z) - (X,y,2),r" - 1)

- Using the follaving similar triangles:

(1) fromOA B’ andOAB:

Z R
I I ] . i — X = L
(2) from A'B'C' and ABC: X-Y R
: : Xf Yf
perspectve proj. egs: X=— y=— z=f
Z Z
- Using matrix notation:
>ho of 0 0 0pXpg
Oy, Oo f o0 obOyD
O O=0d 0o, O
Ow@O 00 0 1 00010

- Verify the correctness of the almomatrix (homogenize using = Z):

Xh_fx
w  Z

fY Zn

X = — z=— =1
Z w

_Yn_
Y= W
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* Properties of perspectre projection

Many-to-one mapping

- The projection of a point isot unique (ag point on the lineOP has the same
projection).

Scaling/Foreshortening

- The distance to an object is/ansely proportional to its image size.
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- When a line (or suaite) is parallel to the image plane, thieafof perspecte
projection isscaling

- When an line (or suatce) is not parallel to the image plane, we use the term

foreshorteningo describe the projege dstortion (i.e., the dimension parallel to
the optical axis is compressed relatio the frontal dimension).

Effect of focal length

- As f gets smallermore points project onto the image plamedg-angle cam-
era).

- As f gets lager, the field of viev becomes smaller (motelescopig.

Lines, distances, angles

- Lines in 3D project to lines in 2D.
- Distances and angles aret presered.

- Parallel linesdo notin general project to parallel lines (unlessythee parallel
to the image plane).



Vanishing point

* parallel lines in space project perspegil onto lines that on>d¢ension inter
sect at a single point in the image plane caltishing poinbr point at infinity

* (alternatve definition) the \anishing point of a line depends on the orientation
of the line and not on the position of the line.

* the \anishing point of ay given line in space is located at the point in the

image where a parallel line through the center of projection intersects the image
plane.

Vanishing line

* the wvanishing points of all the lines that lie on the same plane formathish-
ing line

* also defined by the intersection of a parallel plane through the center of projec-
tion with the image plane.



-8-
Orthographic Projection

- Itis the projection of a 3D object onto a plane by a set of parallel rays orthogonal to
the image plane.

- Itis the limit of perspecte pojection asf-> oo (i.e., f/Z - > 1)

orthographic proj. egs: X=X, y=Y (drop2)

- Using matrix notation:

>hOo L 0 0 OpX g
nip oo
%h EP 0 0 0
owd O 0 0 10010

- Verify the correctness of the alsomatrix (homogenize using=1):

X
X:_h:)( y:&:Y
w w

» Properties of orthographic projection
- Parallel lines project to parallel lines.

- Size does not change with distance from the camera.
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Weak Perspectve Projection

- Perspectre ojection is a non-linear transformation.

- We can approximate perspegti by scaled orthographic projection (i.e., linear trans-
formation) if:

(1) the object lies close to the optical axis.

(2) the object dmensions are small compared to israge distanc& from the
camera (i.e., z< Z/20)

Xt Xf Yt Yf

7~z Y777z ord)

~
~

weak perspectve proj. eqgs: X =

f
- The termf Is a scaledctor nov (e.qg., @ery point is scaled by the samaector).

- Using matrix notation:

xho of 0 0 0pgXg
Oy,0 0o f o oO0OvO
. O=0 0o, O
OwDO 00 0 0 ZOoolOo

- Verify the correctness of the alsomatrix (homogenize using = 2):

_Xh_fx _yh_fY
W~z YTwZ



