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Complex numbers review

o Definition
X =a+ jb, wherej =vV-1
Addition: (a+ jb) + (c+ jd) =(a+c) + j(b+d)

Multiplication: (a + jb) . (c + jd) = (ac - bd) + j(ad + bc)

Magnitude: |x| = VaZ + b2

Phase:¢(x) = tar }(b/a)

* Definition using magnitude/phase
- Multiplication using magnitude-phase notation:

xy = |x[e?®) . |y|el?W) = |x| |y| e/ @I

'
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« Complex conjugate
X =a-jb

- Properties of compbeconjucates:

x| = |X |
#(X) == ¢(X)
XX = |x[?

e Euler' s formula
et1? = cos(6) + jsin()

- Properties devied from Eulers formula

tion . —1,. SIN(O)
o(e?) =tan - (z c0s(6)

) = tan }(xtan(g)) = +6
sin(e) = - (€ - &)

1 |
cos() = > (e +¢e79)
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Fourier Transform (FT)

 Function expansion

- Like in the case of ectors, a signal of functioffi (t) can often be better
analyzed, described, or processedfressed as a linear decomposition by

f(t) = IZalvfl(t)

- If the &pansion is unique, the sgt(t) is called abasis for the class of
functions that can be samessed.

- If the basis is orthogonal, then(t) . v (t) =0 (k # ), with the dot
product -usually- defined as:

wi(t) . wi(t) = I i (D (t)dt

- Given a function f (t), the coeficients of the pansion can be computed
as follows:

ay = f(t) . yi(t)

» What is Fourier analysis?

- It expands signals or functions in terms of sinusoidals (orvelguily,
comple« exponentials).

- This has preen to be extremelly \aluable in mathematics, science, and
engineering.



e Fourier Series

- Any periodic signal can bexpressed as a sum of sine and cosiagesv
of varying frequeng (i.e., sinusoids form a basis).

f1) = 2+ 5 a cos(nfgt) + 5 b, sin(nfyt)
2 n=1 n=1

(fg = 27T, is called the fundamental frequegic

- The coeficientsa,, andb,, (i.e., projection off (t) on the basis functions)
are gven by:

T

1y
f 0
a, = ;0 [ f®cos(nfox)dx, by =

o

fo

T

f (t)sin(nfyx)dx

|
B e YRl

cos(f;t)

cos(f N f(t)

vl



« Fourier Transform (FT)

Foward FT F (f(x)) = F(u) = }o f(x)e 12" dx

(i.e., the codicients of projection on the basis)

Inverse FT F_l(F(u)) = f(x) = }o F(u)e'#*du

(i.e., the &ponentials form a basis)

* How do frequencies shw up in an image ?
- High frequencies: quicklyarying information (e.g, edges)

- Low frequencies: slely varying information (e.g., continuous sace)

Original Image

High-passed Image
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Low-passed Image

F(u) = R(u) + jI(u)

 Definitions

Magnitude of FT (spectrum)]F (u)| = VR2(U) + 2(u)

Phase of FT ¢(F(u)) = tan_l(%

Using magnitude-phase notatiorf (u) = |F (u)|e’*™

Pawer of f(x): P(u) = F?(u)=R?(u) + 1%(u)

» Some examples

- The rectangular pulse

T fizh | Eiwd

Q A -._'l.'_.'-.' 2 —|iX K] 1X XX X
rect() function sinc() function
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- The cos() andsin() functions
F (sin(2u6x))= [5(u + Uo) = 5(u = )]
F (cos(27zu0x)):% [5(u—Up) + (U + Up)]

sin(2TT uxo)

WA sl ]

VT T

cos(2IT uxo)

/\7\/\/\ ]

U Z—V U Uo Yo




1
whered (X) = “moa rect(x/a)
a—>

1/a

-a/2 a2 Xo

é rect(x/a) o(X) (X = Xp)

* Discrete Fourier Transform (DFT)

f(x)=f(xo+xAx),x=0,1,...N-1

1 N-1 —j2zux
Forward DFT. F(u):ﬁ > f(x)e N ,u=0,1,...N-1
x=0
N-1 j2mux
Inverse DFT f(x)= > F(ue N ,x=0,1,...N-1

u=0

(F(u) is discrete na: F(u) = F(UAu),u=0,1,... N -1 Au=1/AX)
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* An example

' } [
o 025 50 095 |.CHy 1.25
Xy Xy L4 K1
ia}
|F(u)|
13/4
sqrt(5)/4
1/4

= fixg + xdxl

N=4
AX=0.25

1
Au= 1

NAX
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» Extending FT in 2D

o0 0

Foward FT F (f(x,y)) = F(u,v) = [ [T y)e 127 W) gydy

o0 00

nverse FT FL(F(u,v)) = F(x, ) = [ [ F(u,velzesdudy

—00 —00

(spectrum is displayed as an intensity function)
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» Extending DFT in 2D (N x M images)

- Assume thaf (X, y) is an M x N image:

1 M-1N-1 2 (W
Forward DFT F(u,v):m > 2 f(x,y)e M N7,
x=0 y=0

u=0,1,...M-1v=0,1,... N-1)
M-1 N-1 i22(2 Yy
Inverse DFT f(X,y)= > 2 F(u,v)e M N7,
u=0 v=0

x=0,1,...M-1y=0,1,...N-1)

- What is the complaty of 1D DFT ?

O(NM) or O(N?) whenM = N
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» Separability

- The 2D FT can be computed using 1D FTs only !!

N-1 N-1 20 (W)
Forward DFT F(u,Vv) = — Z > f(x, y)e N
x=0 y=0
N-1 N-1 i22(HYy
Inverse DFT f(X,¥)=— > 2 F(u,v)e
N (=0 v=0
- Rewrite F (U, V) as follows:
1 N-1 _i5 (U N-1 oW
Fluv)=— > e 127(\) > f(x,y)e 27\
N x=0 y:O
N1 -j2r ()
Letsst: 2 f(X,y)e N=F (X, V)
y=0

(F(x,V) = N(— z f(x, y)e W)

1 N-1 _i, (UK
Thus, F(u,v) = - 3 e 27 E(x, v)
x=0

I A [ & ¥ T [ M 14 ] "
|71'\-‘I-I- ————— & F.----v—--..-.r. = -
| Pow [Farsicsms { oliEmn
| Axy) o |  Fix, v) —iae RN
Mulsiplscaton by N | trznsldorms
i |
"--|I| - i 1= . (N — 1]

!
' ; lr
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* Periodicity and Symmetry
- The FT and its werse are periodic with period N

F(u,v)=F(u+N,v)=F(u,v+N)=F(u+N,v+N)
-1f f(X,y)is real,F(u, V) = F"(-u, V) ==> |F(u, V)| = |F(-u, -V)|

- To display a full period, it is necessary to wedhe origin of the transform
atu = N/2 (or at(N/2, N/2) in the 2D case)

il
4 ' |I . Cal ST - aEtey a'"-'l-'. 3 .'f.-"'. L
'-. e 5 ; - o Simemipen 0T, 5 T _ e —
i 0 e Y |_#""'rj L‘h_.*-f
— (e period ————=
[a]
Fiu
| &) M=
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* Translation

- Translation in the spatial domain:

UXptVYo

7r(N

f(X= X0, Y= Yo) < ———> F(u,v)e :

- Translation in the frequep@omain:

f(X, y)ej27r(uox+voyoverN) < —> F(U —Ug, V — Vo)

- Tomove F(u, v) at(N/2,N/2), take Uy = Vo = N/2
NNy
ejZﬂ'(%) — ej”(x+y) — (_l)x+y

f(X, Y)Y <—>F(Uu-N/2,v-N/2)
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» Rotation

- Rotating f (X, y) by 6 rotatesF (u, V) by 8

o Distrib utivity
FLf(xy) + a0 VI=FLf(x v+ Flax, y)]

FLf(x y)gx, wI=Ff(x vIF[g(x, y)]

e Scale

af (x,y) <——>aF(u,Vv)
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» Magnitude and Phase of FT

- What is more important ?

f(x) = }o F(u)e’? &

magnitude phase
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reconstructed using magnitude  reconstructed using phase

- Magnitude determines the contrilon of each sinusoidal
component

- Phase determines where each if the sinusoidal components resides
(i.e., which frequencies are present)
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e Fast Fourier Transform (FFT)

- DFT takesO(n?) time

- FFT takesO(nlgn) time !! (assumes thdy = 2")



