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computing, hard cgp
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Review on Matrices

 Matrix addition/subtraction

- Matrices can be added or subtracted as long asdieeof the same
dimension.

C=A+B impliescij =aq; t bij
C=A-B implieSCij = aj — b”

* Matrix multiplication

M1 @12 - &pbin bz o bipg €11 Ci2 - Cip[d
AT - KA X
L L] O o 1] L]

# of columns of matrix A = # of rows of matrix B

(if AismxnandB is g x p, then C will be m xgsgume n=q))
m
Cj = 2 ayby
k=1

D2 30 M7 1 9
Example: oullhr 2 OD D4 8 OB
%3 ‘ZD%’ -1 3EI D7 8 6
B 10 Mo 9 3]

 Properties of matrix multiplication

A(B +C) = AB + AC (distributive law)

AB # BA
0l O 0
0o 1 0O
Al =IA=A, wherel =[] n
o 0
00 O 10



* Matrix transpose

011 Q&2 . aQipn [ A1 Q1 - am[d
a=g %2 Eegaroghz f2 -t
[l [l [l []
|:aml am2 . amn W Daln a2n . amn [

Property: @B) =BT AT

« Symmetric Matrix (matrix must be square)

- A=AT (ay=ay)
04 5 -30
E -0 [
xample D5 7 2 =
m3 2 100

» Deter minants (matrix must be square)

(A, a;,U Oa,, aq,
A=[0. CPQ det(A) =0 0= anag - anadn
P21 @22 821 a2
Oa;; a2 a3l
O — Uay, ap3 D_ Ua;, a50 Ua,, ay50
Q1 Q2 A= a1 (] 00— az [ O+ ag; [
0 0 %32 833 Q832 833 %22 @23[;

(Jaz1 Qaz2 ass[]
m .
det(A) = 3 (-1)**adet(Ay), forary k: 1< k<m
j=1
det(AB) = det(A)det(B)
det(A+ B) # det(A) + det(B)

M 0 . 0[O

0o a, . 0oU

B 22 B )
fA=U" " Uthendet(A) =[] a;

O 0

9 - - g

00 0 . anQ
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* Matrix inverse (matrix must be square)
- The inverse A of matrix A has the propertyAA 1=A"1 A=
- Al exists only ifdet(A) # 0
singular: the imerse of A does not ist

ill-conditioned: A is nonsingular bt close to being singular

- Some properties of thewvarse:

1
-1\ —
det(A™) = o B
(AB)1=B1A™

(AT)—l — (A—l)T
* Pseudo-inverse

- If Alis not square (i.emxn), then its pseudo-irerse A" is given by:
A" =(ATA)IAT
- You can easily slvothat
A"A=1 (provided that AT A)* exists)
» Trace of a matrix (matrix must be square)
tr(A)=ajgtagp+---+an
tr(AT) = tr(A)
tr(Ax B) =tr(A) £ tr(B)
tr (AB) = tr(BA)
(in generaltr (AB) # tr (A)tr (B))

» Rank of a matrix
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- It is gqual to the dimension of the ¢grst square submatrix éfthat has a
non-zero determinant.

Example:

2 14
210
has rank 3
28
50

W
HRPER

6
7
9

N

M 5 20
det(A)=O,thdet(E|b 9 6§=63¢o

M 10 7

- Alternatively, it is the maximum number of linearly independent columns
or rowns of A.
Example (cont):

A0 050 ko 4o
RO D9D EBD EmD

1. t2 =0
0 D D EI %8
MO 020 00 050

e Matrix properties based on rank
(1) If Ais mxn, rank(A) < minm, n
(2) If Ais nxn, rank(A) = niff Ais nonsingular (i.e., wertible).
(3) If Ais nxn, rank(A) = niff det(A) # 0 (full rank).

(4) If Ais nxn, rank(A) < niff Ais singular
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» Orthogonal/orthonormal matrices

a1 QA12 - &p [J
Ha. a . a, U
O 0
|:aml am2 . amnD

- Consider the gctors formed by the ws (or columns) of matri:

T _
up =[ag; agp - - agp]
Uy =[ap; agy -+ - agp]

-
Un = [aml Am2 " amn]

U1 O
Cul . .

or A=[] © J(get used to this notation !)
|:|... D
ul 0

- Consider the follaving two properties:
(1) ug.ug =1 or |Jug]| = 1, for every k

(2) uj.u, =0, for every j # k (u; is perpendicular tay)

Ais athonormal if both (1) and (2) are satisfied

A is athogonal if only (2) is satisfied

Lcos(9) -sin(g)U
Example: . (9) ( )D

Ijsm(¢9) cos(6) 0
- If Alis an orthonormal matrix then:

AAT = ATA=| (e, Al=AT

[|Av|| = |lv|]| (does not change the magnitude)of






