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ABSTRACT

Wepresentanew approachfor shapemetamorphism,which
is a processof graduallychanginga sourceshape(known)
throughintermediateshapes(unknown) into a targetshape
(known). The problem, when representedwith implicit
scalarfunction, is under-constrained,andregularizationis
needed. Using the � -Laplacianequation(PLE), we gen-
eralizea seriesof regularizationtermsbasedon the gradi-
ent of the implicit function, andwe show that the present
methodslack additionalconstraintsfor a morestablesolu-
tion. Thenovelty of our approachis in the deploymentof
a new regularizationtermwhen ����� which leadsto the
in�nite Laplacianequation(ILE). We show that ILE min-
imizes the supremumof the gradientand prove that it is
optimalfor metamorphismsinceintermediatesolutionsare
equallydistributedalong their normaldirection. Applica-
tionsof the proposedalgorithmfor 2D and3D objectsare
demonstrated.

1 Intr oduction

Applicationof shapemetamorphosishasthepotentialof go-
ing beyondsimpleanimationandinterpolation.Ultimately,
onecanenvision usingmetricscomputedduring shapein-
terpolationfor comparativeanalysisandmatching.Further-
more, if morphingcan be performedef�ciently , then the
gradualtransitionbetweeninitial and�nal shapecanbesub-
sampledfor distributedrendering.Metamorphosisis often
referredto asthe processof smoothtopologicaltransition
betweentwo objects.Metamorphosisis differentfrom in-
terpolatingfunction valuesat differentgrid pointsbecause
new shapesarereconstructedfrom two known shapes,and
it is differentfrom theshapeevolutionproblembecauseini-
tial and�nal solutionsareknown.

Lazarusand Verroust [8] provide an excellent survey
andevaluationof 3D morphingtechniques.Someof these
techniquesareinitiatedfrom theassociationof verticesand
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trianglesbetweensourceand target meshes.Othermeth-
odsuseimplicit functionsobtainedby linear interpolation
of shapetransformationof three-dimensionalimages.Our
methodis more alignedwith the applicationof evolution
equation[3] or distance�eld manipulation(DFM) [3, 8]. In
DFM, thedistancetransformationsfrom initial to �nal ob-
jectsarerepresentedasregular functions,while intermedi-
ateimplicit functionsareapproximatedby linear interpola-
tion betweencorrespondingdistancetransformations.Each
intermediateshapeis thenextractedasthezero-crossingof
thecorrespondingintermediatefunction[9, 10,11, 13]. Al-
thoughDFM hasbeenwidely used,it hasnot beensuf�-
cientlyquestioned.For example:(1) Why doesthedistance
transformationwork? (2) Are therealternative methods?
(3) If there is an alternative method,then is the distance
transformationthe optimal �eld function? This paperpar-
tially focuseson thesequestionsby exploring an entirely
new approach.

Herewe proposea new approachfor metamorphosisof
shapes.With the � -Laplacianequation(PLE), we general-
izeaseriesof regularizedtermsbasedonthegradientof the
implicit function.Weshow thatpresentmethodsaresubsets
of our formulationthat limit the solutionto the metamor-
phosisproblem. Thenovelty of our approachis in thede-
ploymentof anew regularizationtermwhen���	� , which
leadsto thein�nite Laplacianequation(ILE) thatminimizes
the supremumof the gradient. This approachis optimal
for themetamorphosisproblemsincetheshapesareequally
distributedalongthegradienttrajectory. We alsoshow that
while DFM is ef�cient andsimple, it is only an approxi-
matesolutionto theILE andcanbeusedastheinitial value
to solve theequation.Wealsoshow thatthemetamorphosis
techniquecanbeusedfor multiscaleshaperepresentation.

Section2 outlinestwo-dimensionalrepresentationand
theproposednew regularizationframework. Section3 out-
lines the correspondingnumericalsolution and compares
thebehavior of theenergy functionto thestandardgradient-
basedregularization.In Section4, weextendthemethodto
threedimensions.Section5 providesexperimentalresults
andtheapplicationof theproposedmethodsto multi-scale
shaperepresentation.Section6 concludesthepaper.



2 The p-Laplacian Equation and Regularization
Terms

In this section,we studythe PLE andderive differentreg-
ularizationtermsfrom this equation.We thenestablishthe
relationshipsamongcurve evolution, energy minimization,
regularizationterms,PLE,andILE. Our study�rst focuses
on two-dimensionalcurves,andis thenextendedto three-
dimensionalsurfaces.

2.1 The Problem

Let � beadeformableclosedcurvesuchthat ���������	��

���������

denotesa family of theevolvedcurveswith known bound-
ary conditionat ������������� and �����������

� . Our aim is
to reconstructa representationbetween��������������� �!� so
thatthesequenceof intermediatecurvesis smoothandcon-
tinuousin time. Let "$# be the inside-outsidefunctionof a
closedcurve � # , %&�'�(��� suchthat

"$#)��*&��+��,�

-

. /102��� if ��*&��+�� is inside �
#

��� if ��*&��+�� is outside�
#

��� if ��*&��+�� is on �3#

(1)

Wethende�ne the“MetamorphosisRegion” 4 as
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Examplesof 4 in two dimensionsareshown in Figure1.
We restrict themetamorphosisto 4 , i.e., ���@���BADC . As �

changesfrom 0 to 1, ������� changesfrom �E� to �

� contin-
uouslyandsmoothly, andsweepsevery point in 4 . Since
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Figure1: 45�;F��G��F
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� : (a)doublyconnectedregion,(b) mul-
tiply connectedregion, (c) intersection,and(d) isolatedob-
jects.

the metamorphosisis time dependentandconstrainedun-
der the initial and�nal surfaces,theseintermediatecurves
canbeexpressedasthelevel curvesof animplicit function.
Thenthe problembecomesto �nd a function HI�;*���+�� , de-
�ned in 4 , suchthat ���@��� is determinedby HI�;*���+��J�K� .
Formally, supposeHI�;*���+G� is the time at which the curve
crossesa givenpoint �;*���+G� . Thenfunction H satis�es

�������,�L8G�;*���+G��: HI�;*���+G�,�M��> (3)

Equation(3) givesan implicit representationof thecurves.
Thus,ourproblemis:

Find HI�;*���+G���N�;*���+G��
O4 , such that HI�P�
�

�,�Q�(��HI�P�

�

�R�S� .

2.2 A NewRegularization Term

The problemof reconstructingH3��*&��+�� is certainly under-
constrained. However, since we changedthe problem
from curve metamorphosisto functionalinterpolation,well
known mathematicaltools, suchas regularization,can be
leveraged. A majority of the existing regularizationtech-
niquesattemptto minimizeanintegralsuchas T�UV:NWSHR: or

T

UX:�W!HR:

�

[1, 4, 12]. The ideabehindtheseapproachesis
to minimizetheglobalvariationof H . Yet, this formulation
hasno control on the local propertyof H . In otherwords,
theglobalvariationmaybesmall,but locally H maychange
sharply. Considerthefollowing energy function:

Y

�1Z

U

:NWSHR: []\?*]\?+ (4)

Presentregularizedmethodsassumeeither ^J�!����_ , which
provideslittle localcontrol;however, ourapproachgeneral-
izesthem.ThecorrespondingEulerequationof (4) is given
by:

\?%P`a�b:�WcHE: [(d

�

WcH]�=�'� (5)

where \?%6` is the diverge operator. Equation(5) is called
the � -Laplacianequation(or � -harmonicfunction in some
literature).When ^ � � , we have

We�b:NWSHR: �,f

WJH

:�WcHE:

�1� (6)

It wasshown thatwhen ^ � � , weareactuallyminimizing
the supernorm of :�WgHE: [7]. Rewriting equation(6), we
have:
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2.3 Equal Importance Criteria

This section outlines the rationale for optimality of the
supremumas the norm for regularization. Our argument
is basedon the equal importancecriterion [5, 6]. This
criterion assertsthat every point in 4 is equally impor-
tantandcontributessimilarly to thereconstructionprocess.
Any other assumptionmeansthat we needto know some
additional informationabout the curve. Equation(6) im-
plies that along eachtrajectoryof the gradientof H , the
magnitudeof the gradientis a constant. The interpolated
curves ������� arethenequallydistributedalongtheir normal
direction,or simplyeachpointadvancesat its own constant
speed.In the absenceof any informationaboutthe defor-
mationprocess,oncecanonly assumethat thecurves ���@���

areequallydistributed. Thus, in view of time or distance
betweencurves, which is our only clue about the curve,
all points areequally important. Comparative analysisof
our approachindicatesthat our methodgeneratesa more
smoothfamily of curves.Theaimis to minimizesupremum
of themaximum.Althoughtheoverall integralof :kWXHR: may
belarger, thesupremumis smallerin our approachandthe
gradientis more likely to concentrateat a smaller range.



Thus,the speedof the moving curve is in a smallerrange
andthewholecurve changesmoresmoothlywith time.

Introducingthenotation �V�;H � � H
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H j�j , our problemnow becomes
Find HI�;*���+G���N�;*���+G�=
J4 , such that

HI�P� � �R�1����H3�6�

�

� �S�G���?^3\��J��H]�,�1�

3 Numerical Solution of ILE

Many numericalmethodscanbeusedto solveEquation(7),
andat leasta weaksolution is guaranteed.Our approach
usesa variationof gradientdecentwith a goodinitial con-
dition for ef�cient convergence.

3.1 Initialization with the DistanceTransform

Let us de�ne � # as the signeddistancetransformationof
� # ��% � ����� , where � # ��*&��+�� is the distancefrom ��*&��+�� to
thenearestpoint on � # , andthedistanceis setto a negative
numberif ��*&��+�� is inside �

# andpositive otherwise. For
eachpoint � (shown in Figure2), thereshouldbe a gradi-
ent trajectory � passingthroughit suchthatit intersects�

�

and �

� at �
� and�

� , respectively. Sincethenormalof these
two curvesandthegradientof H arein thesamedirection,

��� �
� at �

� and ��� �

� at �

� , where � representsperpen-
dicular. We canapproximatethe curve � passingthrough

� , by drawing two line segments� �
	

�

� �&�G� � ��	

�

�D�

� , to
create��	

�

� ��	

� . Let 
 denotethe lengthof � from �
� to �

� .
Hence,
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�E: . Theprecedingformulationindi-
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� �]� . Since H changes
linearly from 0 to 1 along � , HI� � � canbeapproximatedby:
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Figure2: ComputingHI�;*���+G� from distancetransformation.

Equation(8) hasa drawbackthat,when �E� and �

� inter-
secteachotherat � , we get �

�

� � �,0��]��� � � � � anda zero
divisor. Alternatively, the two-dimensionalisocurve repre-
sentation,���;*���+��	�������2< ��<L� , canbeexpressedas:

����*&��+��	���R�M���

�

�;*���+G�

i

���=0 �����
�

�;*���+G� (9)

Notethatthis is exactly theDFM, andisocurve ���;*���+��	���E�

� is locatedat

���;*���+��,�

0��
�

��*&��+��

�
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�

��*&��+��

(10)

which is exactly the curve that we reconstructedin (8).
Thus, DFM is an approximationof the ILE solution in
the sensedescribedabove. Equation(9) is preferredover
equation(8) becauseit works for any ��� and �

� even if
� � �!�

� . Thus,the methodtreatsany curve andtopolog-
ical changesnaturallyandcannotfail. Let �
< � < � in
equation(10) then �

�

�;*���+���� ���;*���+G�
< � . We know that
�

�

��*&��+���� � ��*&��+�� <S� in andonly in 4 . Thus,theisocurve
���;*���+(����� � � is guaranteedto be inside the region C ,

���@����A C ��� < ��<1� .

3.2 The Iterative Approach

Thesolutionof ILE canbeobtainediteratively by:

H����

�

�QH�� 0����V�;H�� � (11)

where� is thestepsizeand ` indicatestheiterationnumber.
Althoughtheapproachconvergesonly to a localminimum,
thesolutionis acceptableif we startfrom a goodinitializa-
tion. Thewholealgorithmcanbesummarizedas:
1) Initialize H , with the boundarycondition H3�6�

�
� �

����H3�6�

�

�R�c� .
2) Initialize 4 with thedistancetransform.
3) Updateall thepointsinside C with equation(11).
4) Compute "! �R:�WSHR: .
5) Repeat2 to 3 until a local minimum of  "! �R:�W HR: is
reached,and
6) Find the interpolatedcurves ���@���O� 8���*&��+���: H3��*&��+����

��> .

4 Extensionto Three-DimensionalSurfaces

The extension to three-dimensionalobjects is through
rewriting theILE as:
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An exact representationof thedistancetransformin 3D

is compute-intensive;however, aquickapproximation[2] is
suf�cient for smoothinterpolation.Thedistancetransform
is computedin two passesover theboundingvolumewhere
thevolumeis representedasadense3D array, whosevalues
areinitializedwith initial and�nal surfaces.

5 Applications and Experimental Results

In this section,experimentalresultscorrespondingto the
applicationof proposedtechniquesto 2D and3D objects
areshown. In everyexperiment,the�rst curve is thesource
curveandthelastscurve is thetargetcurve,while othersare
interpolatedintermediatecurves.Figures3 show theresults
computedby thevariationalapproachwhere H is initialized
by DFM. We thenupdatetheimplicit functionuntil a local
minimum is reached.Finally, the level curvesat different
heightsareextracted.Figure3 shows interpolationof a �sh
shapeto a panda. The imagesize is 162 by 161 where8
curveshave beeninserted. In this experiment, �
� ��%��'& .



In this experiment, �O� ��%���� andthe regularizationstepis
chosento bea smallvalueof 0.001.Thedistancetransfor-
mationis computedby themethodsproposedby Borgefors
[2]. Figure4 showseightsnapshotscorrespondingto trans-
formationof adiseasedcortex to anormalone.In thiscase,
correspondingMRI imagesweresegmentedandthe white
matterin thecortex wasautomaticallydelineated.Figure5
shows anothereight snapshotscorrespondingto the trans-
formationof a Buddhato a bunny.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure3: Interpolating�sh andpanda.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure4: Morphingfrom a diseasedbrainto a normalone

6 Conclusion

We proposeda � -Laplacian-basedsolution to the shape
morphingproblem. Our method�nds naturalandsmooth
shapesthat areequallydistributedalongthe normaldirec-
tion. This is optimalwhenno informationaboutthedefor-
mationprocessexists, and the best thing we can do is to

(a) (b) (c)

(d) (e) (f)

Figure5: Morphingfrom Buddhato a bunny.

assignthegeneratedshapesfairly. ThePDEis derivedfrom
anew regularizationtermthatensuresthelocalsmoothness.
A numericalmethodwasdevelopedto constructandcom-
pute an optimal solution. At the sametime, we showed
that DFM is an ef�cient andsimpleapproximationto the
ILE, which canhandleany curve with arbitrarytopological
changes.
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