ShapeMetamorphism using p-Laplacian Equation

GeCong , Mehmet Esser , Bahram Parvin , and GeorgeBebis

(1) Imagingandinformatics
ComputingSciences
LawrenceBerkelgy NationalLaboratory
Berkelg, CA

ABSTRACT

Wepresentinew approactior shapemetamorphismyhich

is a procesf graduallychanginga sourceshapelknown)

throughintermediateshapegunknawn) into a target shape
(known). The problem, when representedvith implicit

scalarfunction, is underconstrainedand regularizationis

needed. Using the -Laplacianequation(PLE), we gen-
eralizea seriesof regularizationtermsbasedon the gradi-

ent of the implicit function, and we show thatthe present
methoddack additionalconstraintfor a morestablesolu-

tion. Thenovelty of our approachis in the deploymentof

anew regularizationtermwhen which leadsto the

in nite Laplacianequation(ILE). We shaw that ILE min-

imizes the supremumof the gradientand prove thatit is

optimalfor metamorphisnsinceintermediatesolutionsare
equallydistributedalong their normal direction. Applica-

tions of the proposedalgorithmfor 2D and 3D objectsare
demonstrated.

1 Intr oduction

Applicationof shapemetamorphosibasthepotentialof go-
ing beyond simpleanimationandinterpolation.Ultimately,
onecanervision usingmetricscomputedduring shapen-
terpolationfor comparatie analysisandmatching.Further
more, if morphingcan be performedefciently, thenthe
graduatransitionbetweerinitial and nal shapeanbesub-
sampledor distributedrendering.Metamorphosiss often
referredto asthe processof smoothtopologicaltransition
betweentwo objects. Metamorphosiss differentfrom in-
terpolatingfunction valuesat differentgrid pointsbecause
new shapesarereconstructedrom two known shapesand
it is differentfrom the shapeevolution problembecauséni-
tial and nal solutionsareknown.

Lazarusand Verroust[8] provide an excellent suney
andevaluationof 3D morphingtechniques Someof these
techniquesreinitiatedfrom the associatiorof verticesand
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trianglesbetweensourceand target meshes. Other meth-
odsuseimplicit functionsobtainedby linear interpolation
of shapetransformatiorof three-dimensionaimages.Our
methodis more alignedwith the applicationof evolution
equatior3] or distanceeld manipulation(DFM) [3, 8]. In
DFM, the distancetransformationdrom initial to nal ob-
jectsarerepresentedsregular functions,while intermedi-
ateimplicit functionsareapproximatedy linearinterpola-
tion betweercorrespondinglistanceransformationsEach
intermediateshapds thenextractedasthe zero-crossingf
thecorrespondingntermediatdunction[9, 10,11, 13]. Al-
thoughDFM hasbeenwidely used,it hasnot beensuf-
ciently questionedFor example: (1) Why doesthedistance
transformatiorwork? (2) Are there alternatve methods?
(3) If thereis an alternatve method,thenis the distance
transformatiorthe optimal eld function? This paperpar
tially focuseson thesequestionsby exploring an entirely
new approach.

Herewe proposea new approachfor metamorphosisf
shapesWith the -Laplacianequation(PLE), we general-
ize aseriesof regularizedtermsbasednthegradientof the
implicit function. Weshaw thatpresentnethodsaresubsets
of our formulationthatlimit the solutionto the metamor
phosisproblem. The novelty of our approachs in the de-
ploymentof anew regularizationtermwhen , Which
leadgto thein nite LaplacianequationILE) thatminimizes
the supremumof the gradient. This approachis optimal
for themetamorphosiproblemsincethe shapesreequally
distributedalongthe gradienttrajectory We alsoshawv that
while DFM is ef cient and simple, it is only an approxi-
matesolutionto the ILE andcanbeusedastheinitial value
to solve theequation We alsoshawv thatthemetamorphosis
techniquecanbeusedfor multiscaleshapeaepresentation.

Section2 outlinestwo-dimensionakepresentatiorand
the proposechew regularizationframevork. Section3 out-
lines the correspondinghumericalsolution and compares
thebehaior of theenegy functionto thestandardyradient-
basedegularization.In Section4, we extendthe methodto
threedimensions.Section5 provides experimentalresults
andthe applicationof the proposednethodgo multi-scale
shaperepresentationSection6 concludeghe paper



2 The p-Laplacian Equation and Regularization
Terms

In this section,we studythe PLE andderive differentreg-

ularizationtermsfrom this equation.We thenestablishthe

relationshipsamongcurve evolution, enegy minimization,

regularizationterms,PLE, andILE. Our study rst focuses
on two-dimensionaturves,andis thenextendedto three-
dimensionakurfaces.

2.1 The Problem

Let beadeformableclosedcurve suchthat

denotesa family of the evolved curveswith known bound-
ary condition at and . Our aimis
to reconstructirepresentatiobetween SO
thatthesequencef intermediatecurvesis smoothandcon-
tinuousin time. Let  betheinside-outsiddunction of a

closedcune , suchthat
if is inside
if is outside (1)
if ison

Wethende ne the“MetamorphosifReggion”  as

)
Examplesof in two dimensionsare shawvn in Figure 1.
We restrictthe metamorphosiso |, i.e, . As
changedrom 0 to 1, changedrom to  contin-
uouslyandsmoothly and sweepsvery pointin . Since
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Figurel: : (a) doublyconnectedegion, (b) mul-
tiply connectedegion, (c) intersectionand(d) isolatedob-
jects.

the metamorphosiss time dependentand constrainedun-
dertheinitial and nal surfacestheseintermediatecurves
canbeexpressedisthelevel curvesof animplicit function.
Thenthe problembecomedo nd a function , de-
ned in , suchthat is determinedby .
Formally, suppose is the time at which the curve
crosses givenpoint . Thenfunction satis es

®3)
Equation(3) givesanimplicit representatioof the curves.
Thus,our problemis:
Find , Sud that

2.2 A NewRegularization Term

The problemof reconstructing is certainly under
constrained. However, since we changedthe problem
from curve metamorphosio functionalinterpolationwell
known mathematicatools, suchas regularization,can be
leveraged. A majority of the existing regularizationtech-
niguesattemptto minimizeanintegral suchas or

[1, 4, 12]. Theideabehindtheseapproachess
to minimizethe globalvariationof . Yet,this formulation
hasno control on the local propertyof . In otherwords,
theglobalvariationmaybesmall,butlocally maychange
sharply Considetthefollowing enegy function:

(4)

Presentegularizedmethodsassumeeither , which
provideslittle local control; however, ourapproactgeneral-
izesthem.Thecorrespondindculerequationof (4) is given
by:

(5)

where is the diverge operator Equation(5) is called
the -Laplacianequation(or -harmonicfunctionin some

literature).When , we have

— (6)
It wasshavn thatwhen , We areactuallyminimizing
the supernorm of [7]. Rewriting equation(6), we
have:

()
2.3 Equal Importance Criteria

This section outlines the rationale for optimality of the
supremumas the norm for regularization. Our argument
is basedon the equal importancecriterion [5, 6]. This

criterion assertsthat every point in  is equally impor-

tantandcontributessimilarly to thereconstructiorprocess.
Any other assumptiormeansthat we needto know some
additional information aboutthe curve Equation(6) im-

plies that along eachtrajectory of the gradientof , the
magnitudeof the gradientis a constant. The interpolated
cunes arethenequallydistributedalongtheir normal
direction,or simply eachpointadwvancesatits own constant
speed.In the absencef ary informationaboutthe defor

mationprocesspncecanonly assumehatthe curves

are equallydistributed. Thus, in view of time or distance
betweencurves, which is our only clue aboutthe curwe,

all points are equallyimportant. Comparatie analysisof

our approachindicatesthat our methodgenerates more
smoothfamily of curves. Theaimisto minimizesupremum
of themaximum.Althoughtheoverallintegral of may
belarger, the supremurris smallerin our approactandthe

gradientis morelikely to concentrateat a smallerrange.



Thus, the speedof the moving curwe is in a smallerrange
andthewhole curve changesnoresmoothlywith time.
Introducingthe notation
, our problemnow becomes

Find , sud that

3 Numerical Solution of ILE

Many numericaimethodsanbeusedto solve Equation(7),
and at leasta weak solutionis guaranteed.Our approach
usesa variationof gradientdecentwith a goodinitial con-
dition for ef cient convergence.

3.1 Initialization with the DistanceTransform

Let usde ne  asthe signeddistancetransformationof
, Where is the distancefrom to
thenearespointon , andthedistancds setto a negative
numberif is inside  and positive otherwise. For
eachpoint (shawn in Figure2), thereshouldbe a gradi-
enttrajectory passinghroughit suchthatit intersects
and at and ,respectiely. Sincethenormalof these
two curvesandthe gradientof —arein the samedirection,
at and at ,where representperpen-
dicular We canapproximatehe curve  passingthrough
, by drawing two line sggments , to
create . Let denotethelengthof from to .
Hence, . The precedingdormulationindi-
categhat , . Since changes
linearlyfromOto 1 along , canbeapproximatedy:

(8)

@

Figure2: Computing from distancdransformation.
Equation(8) hasa dravbackthat,when and inter

secteachotherat , we get anda zero

divisor. Alternatively, the two-dimensionalsocune repre-

sentation, , canbe expresseds:
9)
Notethatthisis exactly the DFM, andisocune
is locatedat
(10)

which is exactly the curve that we reconstructedn (8).
Thus, DFM is an approximationof the ILE solution in
the sensedescribedabore. Equation(9) is preferredover
equation(8) becausdt works for ary and evenif
. Thus,the methodtreatsary curve andtopolog-

ical changesaturally and cannotfail. Let in
equation(10) then . We know that
in andonlyin . Thus,theisocune

is guaranteedo be inside the region

3.2 The lterative Approach
Thesolutionof ILE canbeobtainedteratively by:

(11)

where isthestepsizeand indicategheiterationnumber
Althoughtheapproactconvemesonly to alocal minimum,
the solutionis acceptabléf we startfrom a goodinitializa-
tion. Thewholealgorithmcanbe summarizeds:

1) Initialize , with the boundary condition

2) Initialize  with thedistanceransform.

3) Updateall the pointsinside  with equation(11).

4) Compute :

5) Repeat2 to 3 until a local minimum of is
reachedand

6) Find the interpolatedcurves

4 Extensionto Three-DimensionalSurfaces

The extension to three-dimensionalbbjects is through
rewriting the ILE as:

(12)

An exactrepresentationf the distancetransformin 3D

is compute-intensie; however, aquickapproximatiori2] is

sufcient for smoothinterpolation. The distancetransform

is computedn two passesvertheboundingvolumewhere

thevolumeis representedsadense3D array whosevalues
areinitialized with initial and nal surfaces.

5 Applications and Experimental Results

In this section,experimentalresultscorrespondingo the
applicationof proposedtechniquego 2D and 3D objects
areshown. In every experimentthe rst curweisthesource
cuneandthelastscuneis thetargetcurve, while othersare
interpolatedntermediatecurves.Figures3 show theresults
computeddy thevariationalapproactwhere isinitialized
by DFM. We thenupdatethe implicit functionuntil alocal
minimum s reached.Finally, the level curves at different
heightsareextracted.Figure3 shavs interpolationof a sh
shapeto a panda. The imagesizeis 162 by 161 where8
cunes have beeninserted. In this experiment,



In this experiment, andthe regularizationstepis

choserto be a smallvalueof 0.001. The distanceransfor

mationis computedby the methodsproposedy Borgefors
[2]. Figure4 shavs eightsnapshotsorrespondingdo trans-
formationof adiseasedaortex to anormalone.In thiscase,
correspondindVRIl imageswere sggmentedandthe white
matterin the cortex wasautomaticallydelineated Figure5

shavs anothereight snapshotgorrespondingo the trans-
formationof a Buddhato a bunry.
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Figure3: Interpolating sh andpanda.
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Figure4: Morphingfrom adiseasedbrainto a normalone

6 Conclusion

We proposeda -Laplacian-basedolution to the shape
morphingproblem. Our method nds naturaland smooth
shapeghat are equallydistributedalongthe normaldirec-
tion. Thisis optimalwhenno informationaboutthe defor
mation processexists, and the bestthing we cando is to
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Figure5: Morphingfrom Buddhato a bunny.

assigrnthegeneratedhapedairly. ThePDEis derivedfrom
anew regularizationtermthatensureshelocalsmoothness.
A numericalmethodwasdevelopedto constructand com-
pute an optimal solution. At the sametime, we shoved
that DFM is an ef cient and simple approximationto the
ILE, which canhandleary curve with arbitrarytopological
changes.
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