2D Geometrical Transformations

Tr anslation

- Moves points to n& locations by adding translation amounts to the coordi-
nates of the points
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P=pP+T

- To translate an object, translateeg/ point of the object by the same amount
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(translate only the endpoints of linegegents - redraing is required)



Scaling

- Changes the size of the object by multiplying the coordinates of the points by
scaling &ctors
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- Scale fctors dect size as follving:
*If s, = s, uniform scaling
*1f s, # s, nonuniform scaling
*If sy, sy <1, size is reduced, object nes doser to origin
*If sy, sy > 1, size is increased, object s further from origin

“1f s, =s, =1, size does not change
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- Control the location of a scaled object by choosing the location of a point
(fixed poin} with respect to which the scaling is performed

P2

P1 P3

(XF.Y¥)

X=X +(X—X5)Sy Or X =xs,+Xs(1—-5Sy)

Y=y +(y-ys)sy or y=ys, +ys(l-sy)

s, 0ULxU Dxs(1-s,)U
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P'=S P+T;y




Rotation

- Rotates points by an angdeabout origin §>0: counterclockwise rotation)
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- From ABP triangle:

cog¢) = x/r or X = rco¢)
sin(¢) = y/r ory =rsin(g)

- From ACP triangle:

coq¢ +0) = X'Ir or X' =rcog(¢ + 8) = rcoq¢)coq8) — rsin(¢)sin(8)
sin(g +0) = y'/r ory' =rsin(¢ + 8) = rcoq(¢)sin(o) + rsin(¢)cog )

- From the abwe equations we hae:
X' = xcog#) — ysin(h), Yy = xsin(@) + ycogo) or

Cix! Bz Ebos(e) -sin(8) BDXE
V' o osine)  cok6) ooy B

P=RP

- To rotate an object, rotate@y point of the object by the same amount

b
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(rotate only the endpoints of linegseents - redraing is required)

- Performing rotation about an arbitrary point

4

P'(x.y)

P(x.y)

Pr (Xr,Yr)

X' =X, + (X=X )coq8) = (y - y,)sin(o)
Y =y +(X=X;)sin(@) + (y - y,)cog#)

I

DXB 0g6#) -—sin(v) DDX xIr Lix E
By’D sm(e) cog#) DDy yrD Ey 0

= R(P_ Pr) + Py

Summary of transformations

Translation:P’ = P + T (addition causes problems !!)

ScaleeP’=S P

Rotation:P'=R P

- Idea: use homogeneous coordinatexpress translation as matrix multiplica-
tion
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Homogeneous coordinates (mjective gace)

- Idea: add a third coordinate, ) --> (Xy, Yn, W)

- Homogenize Xy, Yh, W):

X
x:—h, y:&,wio
w w

- In general: &, y) --> (xw, yw, w) (i.e., Xp=XW, Y,=YyW)
- w can assume arvalue (v # 0), for e<kample,w = 1:

(X, ¥) ——>(X,Y,1) (no dvision is required when you homogenize !!)

(X, y) ——>(2x, 2y, 2) (division is required when you homogenize )

- (x,y) can be represented by an infinite number of points in homogeneous
coordinates

If w=6, (1/3,1/2)--> (2,3, 6)
If w=12, (1/31/2) - - > (4,6, 12)

- All these points lie on a line in the space of homogeneous coordinates !!




_7-

Translation using homogeneous coordinates

-

X0 M 0 dXDDXD
0,00 1 o0y
¥ O O DD 0
Mlg O 0 1+1

(Verification: X" = 1x + 0y + 1dx = x + dx)
(Verification:y' = 0x + 1y + 1dy = y + dy)
(Homogenize: diide by 1 )
P'=T(dx,dy) P

- Successie translations

P(x.y)

P = T(Xm, dyl) P, pP'" = T(dXz, dyz) P’
Thus,P" =T (dx,, dy,)T(dxq, dy;) P =T(dx; + dx,, dy; +dy,) P
dxo O 0 dxq0 L 0 dx;+dxo [

m O
Eb 1 dy, BEb 1 dy, Bz Eb 1 dy, +dy, B
M o0 1 g0 0 1 P O 1 ]
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Scaling using homogeneous coordinates

X0 05 0 00X
OO 0
Yool ¥ ODEVD
0lg oo o0 1pgthb

(Verify: X' = s, x +0y + 01 = s, X)
(Verify: y' = 0x + sy + 01 =s,Y)
(homogenize: dide by 1 !1)
P’ = S(sy, Sy) P

- Successie galings
P = S(le’ SYl) P’ P" = S(sz’ SYz) P’
Thus,P" = §(sy,, Sy,)S(Sy,, Sy,) P = S(Sx, S, Sy, Sy,) P

sy, O 003s,, 0 00 [Osy,5Sy, 0 0O
O N 0= 0O H
] 0 Sy, 0 0] 0 Sy, 0 0 0O 0 Sy, Sy, 0

00 O 10 O 10 g O 0 10

- Scaling about a fied point

X'0 sy O xf(l—sX)IZIDXD
YV E=H0 s, yi(l-s) By
¥ 0O O O

0lg oo o 1 gt

- Decomposing the ale ransformation:

Mm O XfDEBX O OopOm O —XfD

P L oyiggd & 0P 1 v
M 0 1gn0 O 1P 0 1
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Rotation using homogeneous coordinates

X' [oq#) -—sin(o) ODDXEI

O
'U=Usineg) coge) oy
OO 05 o
g g O 0 17+1
P'=R(9) P

- Succesasie tations

P'=R(6,) P, P"=R(®,) P
Thus,P"" = R(6;)R(6,) P = R(6; + 6,) P

- Rotation about an arbitrary point

DXI
Dyl

1
Nl

0 [coqs) =-sin(8) x,(1-cogh))+y,sin(8) DDX 0
0= Osin(g) cog6) v, (1-cogs)) - x,sin®) By 0
0 O [l

0o O 0 1 A

- Decomposing the alve ransformation:

M 0 x 0coqd8) -sin(d) 00OmM O -x 0O

(0e; N _v O
Eb 1 vy, DDsm(¢9) co9q6) ODEb 1 yrD

MM 0 1gg O 0 100 0 1
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: of P, to ongin to original P,

Composition of a series of trangirmations

- The transformation matrices of a series of transformations can be concatenated
into a single transformation matrix

- Example
* TranslateP, to origin
* Perform scaling and rotation

* Translate tdP,

N B [

Original Translate P, Scale Rolate Translate to
house to arigin final position £,

M =T (Xz, Y2)R(0)S(sx, Sy) T (X1, = Y1)

- It is important to resee/the order in which a sequence of transformations is
performed !!
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| Final /\ Final
b Position i Position

General form of transformation matrix

X' O (A1 Q12 Qi3 DDX B
E:Y' Bz Ela21 ayy Ay EDY 0
0lg go o 1 gthd

- Representing a sequence of transformations as a single transformation matrix
Is more eficient
X'=apX +apy + as
Y = ag X+ axpy + axs
only 4 multiplications and 4 additions
Similarity transf ormations

- Invdve rotation, translation, scaling

Rigid-body transformations
- Invdve only translations and rotations
- Presere angles and lengths

- General form of a rigid-body transformation matrix
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- Properties
* The upper 2x2 submatrix is ortonormal
Up = (r11,M12), Uz = (V21 r22)
Up.Ug = [luglf =1y +rp° =1
Up. Up = |JUpl P = 1pq® + 12" = 1
Ug. Uz = T11p1 + 71022 =0
- Example:
[cogs) -sin(e) 0O
Usin(9) cogs) 0oL

O O
o O 0 Ny

u;. u; = cog6)? + sin(-6)? = 1
U,. Uy = cog6)? + sin(8)? = 1

U;. U, = cog@)sin(@) — sin(8)cogh) =0
Affine transformations

- Invdve translations, rotations, scale, and shear

- Presene parallelism of lines bt not lengths and angles

LInit cube

not in



Shear transformations
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- Changes the shape of the object.

- Shear along the x-axis:

- Shear along the y-axis:

X' =x+ay,y =y

The unit cube sheared in
the x direction

The unit cube sheared
in the y direction



