Linear Time Computation of QFT Feasible Regions

M. Sami Fadali L. LaForge

Electrical Engineering Embry-Riddle Aeronautical Univ.

University of Nevada Naval Air Station

Reno, NV 89557 Fallon, NV 89407 email: fadali@ee.unr.edu Larry@The-Right-Stuff.com

F. Harris, Jr.

Computer Science

University of Nevada

Reno, NV 89557 fredh@cs.unr.edu

Abstract

T his paper represents ongoing research to reduce the computational cost of implementations of quantitative feedback theory(QFT ), using ideas fromKharitonov stabilitytheoryand the theoryof algorithms. By limiting our analysis to the simple case of a plant transfer function with denominator uncertainty, we gain insight into the problemof determining tracking, robust stabilityand actuator bounds for QFT design. A coordinate transformation allows us to exploit symmetryto reduce the computational time for the problem.

T his approach can be applied to more general uncertaintystructures and is a main contribution of this paper.

Our analysis demonstrates the importance of estimating asymptotic bounds on computational time, as is standard in algorithmic analysis. We obtain a linear time algorithmbydividing the compensator plane into twelve different regions, each of which shares critical points of a value set needed in the computation of

QFT bounds. We illustrate our algorithm with a simple position control system.

I. Introduction

Quantitative feedback theory(QFT ) is an integrated design methodologythat allows the design of tracking controllers in the presence of parameter uncertainty. As originallyproposed, QFT required extensive experience to obtain good results [1]. T oday, computer programs have made this methodologyaccessible to the practicing control engineer [2]. However, the computational cost of QFT becomes prohibitive as the number of uncertain parameters increases. Several researchers have developed algorithms to reduce the time required to calculate the bounds used in QFT design [3], [4], [5]. In [3], the use of value sets known from

Kharitonov stabilitytheory[6] allowed the authors to compute the tracking bounds for affine uncertaintyin the numerator and denominator. In [4], a major simplification in QFT design is achieved byrelying on sensitivity or complementary sensitivity bounds rather than tracking bounds .

Fadali and LaForge [5] introduce the notation and methods of algorithmic analysis in the context of QFT bounds. For the sake of illustration, the analysis was restricted to the simple case of a systemwith denominator uncertaintyand a numerator known with arbitraryaccuracy. T he paper emphasized that, to assess the usefulness of control algorithms, it is important 1) to formallyprove their correctness, as is standard practice in the design of algorithms, and 2) to obtain asymptotic bounds on running time.

A keyobservation, used in both [3] and [5], is that the magnitude of the sumof a test compensation value

(complex number) and a plant value set can be considered as the distance between the value set and the negative of the compensation value. T he tracking bound for QFT can therefore be viewed as an upper bound on the ratio of the maximumdistance to the minimumdistance to the value set. Similarly, the stabilityrobustness bound can be viewed as a lower bound on the distance to the value set. In this paper we further examine the problemaddressed in [5], refining the same observation concerning distances. We show that, in special cases, the complex plane can be divided into regions where the farthest and closest points of the value set remain unchanged. A coordinate transformation simplifies the evaluation of both the stability robustness and tracking bounds byreducing the problemto one where the bounds are symmetric about the value set. T he inverse transformation yields the required bounds, and the entire computation is achieved in constant time.

While the subdivision of the complex plane and the coordinate transformation are applied here to the simple problemsolved in [5], the same approach can be applied to more complicated uncertainties. Application to systems with numerator interval polynomials and to affine numerator and denominator are topics for further research. Our results are also useful if the modified QFT design approach of [4] is adopted.

T he paper is organized as follows. First we examine tracking and stabilityrobustness bounds for a system with denominator uncertainty. We showthat the complex plane can be divided into twelve regions each of which has a fixed farthest and closest point in the rectangular value set. We then introduce the coordinate transformation that simplifies the computation of the required QFT bounds. Next, we compare the computational time [7] of the newalgorithmas compared to [5] and to the standard gridding approach [8].

Finally, we illustrate the action of our algorithm with a simple position control system.

II. QFT Bounds

Consider a single-input-single-output systemcomprised of a plant and a feedback compensator. T he closedloop transfer function (CLTF) for the system is given by

) ( ) , , (

1

) (

1

w w w

j K q p j P

T

+

=

-

(1)

where P is the uncertain plant transfer function, K is a compensator transfer function, and p and q are

vectors of uncertain parameters for the numerator and denominator polynomials, respectively. Because we

are primarilyinterested in exploring the development of newcomputational tools for QFT bounds, we focus

our attention on the simplest meaningful problemfor which those tools can be explored. We consider the

case of a plant transfer function with denominator uncertainty, i.e.

) , (

) (

) , , (

q j D j N

q p j P

w w

w = (2)

The maximum CLTF magnitude is therefore given by

) ( ) , ( min

) (

) (

max w w w

w

j KN q j D j N

T

q

+

= (3)

while the minimum CLTF magnitude is

) , ( ) , ( max

) (

) (

min pj KN q j D j N

T

q w w w

w

+

= (4)

The worst-case magnitude ratio is

) ( ) , ( min

) ( ) , ( max

) (

) (

min max

w w w w

w w

j KN q j D j KN q j D

T

T

q q

+

+

= (5)

Let C = x

c

+ j y

c be the product of K and N and rewrite (5) as

) ( ) , ( min

) ( ) , ( max

) (

) (

min max

w w w w

w w

j C q j D j C q j D

T

T

q q

+

+

= (6)

It will be convenient to re-express C in Cartesian coordinates as (x

C

, y

C

), and write (6) in the form

) ( ) , ( min

) ( ) , ( max

) (

) (

min max

w w w w

w w

j C q j D j C q j D

T

T

m

q m

q

-

-

= (7) where C

m

= - C = (- x

c

, - y

c

) =( x , y ). We nowobserve that the magnitudes in equations (3) through (7) involve

distances between the values of the complex number D and the complex number C

m

[3]. T hus the problem

of determining QFT tracking bounds is equivalent to determining the ratio of the maximumto minimum

distance between the point C

m and the set D .

In addition, robust stability requires that

p

m

q

M

C q j D j N

T £

-

=

) , ( min

) (

) (

max w w

w (8)

i.e.

p m

q

M j N

C q j D

) (

) , ( min w

w ³ - (9)

In the case of cascade compensation, (7) is unchanged, but the right hand side of (9) is multiplied by| K| .

Similarly, the lower bound

T

N j

D j q C

M

mi

q m l

( )

( )

min ( , ) w w

w

=

-

³

(10)

is equivalent to the condition

min ( , )

( )

q m

l

D j q C

N j

M w w

- £ (11)

Let D be the n th order interval polynomial

D ( s ; q ) = a

n

( q ) s n + a

n - 1

( q ) s n - 1 + ¼ + a

0

( q ) (12)

with uncertaintybounds a a a

i i i

Î - + , , i = 0, 1, ¼ , n . T hen the value set associated with the uncertain

polynomial is the Kharitonov rectangle

� D with generating polynomials [6]

D s a a s a s a s + + + + - - +

( ) = + + +

0 1 2

2

3

3

� �

D y x Î ) , ( at maximumdistance from C m

and a unique point �

� �

D y x Î ) , ( at minimumdistance. We exclude from

consideration the interior of the Kharitonov rectangle, since the interior corresponds to unstable systems.

The twelve regions have properties summarized by Table 1 and established by the following theorem.

Theorem 1. Let �D be a rectangular region and ( x , y ) a test point. T he furthest point �

� �

D y x Î ) , ( to ( x , y )

and the closest point �

� �

D y x Î ) , ( to ( x , y ) are as given in Table 1.

Proof

The distance �D to ( x , y ) is maximized or minimized by separately maximizing

( ) ( ) 2 2 y y and x x

� �

- - or minimizing

( ) ( ) 2 2 y y and x x

� �

- - respectively; i.e. , minimizing the distance in the horizontal and vertical directions separately.

For the horizontal direction,

( ) 2 x x

�

- is maximized in Regions 1, 2, 5, 6, 7 and 12, at

� x x =

+

, and in

Regions 3, 4, 8, 9, 10 and 11, at

� x x =

-

.

( ) 2 x x

� - is minimized in Regions 1, 2, 5 and 6, at

�

x x =

-

, and in

Regions 3, 4, 9 and 10, at

�

x x =

+

. In Regions 7, 8, 11 and 12, a minimumvalue of zero is possible with

�

x x = .

�

�

; that is, c r

with the x -related terms removed. T he hyperbola is symmetric about axes through

( ) y

c x ,

� has x -intercept at ÷ ø

ö ç è

æ

- ± 1 c 2 2 B ry

x

� , and features asymptotes through

( ) y

c x ,

� and c y

± c ry

. In Regions 5, 6, 9 and 10, we have similar hyperbolas with x and y interchanged and

( )

1 c 2 - - = B x x B rx

� �

; that is, c r

with the y -related terms removed.

Each boundaryis onlyvalid for the region for which the points

( ) y x

� �

, and

( ) y x

� �

, apply. In Regions 1 through 4, the outside of the circle is the allowable compensation where the ratio is less than the specified value. In the remaining regions, the allowable compensation is outside the hyperbolas.

The stability robustness bound is defined by

( ) ( ) ( ) 2 2 2 M N y y x x ³ - + -

� �

(22)

So the boundary is a circle of center

( ) y x

� �

, and radius N / M and the allowable region is outside the circle.

T he actuator bound is due to the maximumallowable compensation magnitude g max

at each frequency. It is defined by

2 max

2 2 g £ + y x (23)

This boundary is a circle centered at the origin with radius g max

and the allowable region is inside the circle.

Theorem 2. Let

( ) y x

� �

, and

( ) y x

� �

, be known for a systemwith an interval polynomial in the denominator and a fixed numerator. The QFT boundaries and the feasible compensation regions are given by

1) In Regions 1 through 4 the tracking boundaryis a circle of radius c r

, centered at (- c x

, - c y

), with the feasible region outside the boundary. In Regions 7, 8, 11 and 12, the tracking boundaryis a hyperbola, symmetric with respect to axes through

( ) y

c x - - ,

�

, and having horizontal intercept at - ± - � x B 2 1 and asymptotes through

( ) y

c x - - ,

� and - c y

± c r

. In Regions 5, 6, 9, and 10, the tracking boundaryis a hyperbola, symmetric with respect to axes through

( ) y c x

�

- - , , and having horizontal intercept at

- ± - � y B 2 1 and asymptotes through

( ) y c x

� - - , and - c x

± c rx

.

2) T he stabilityrobustness boundaryis a circle of radius N / M centered at

( ) y x

� � - - , with the feasible region outside the boundary.

3) T he actuator boundaryis a circle of radius g max

centered at the origin with the feasible region inside the boundary.

Proof

The results are obtained on replacing ( x , y ) by (- x , - y ) in (16), (17), and (18).

�

Remark 1. T heorem2 is onlyvalid if the farthest and closest points in the Kharitonov rectangle to a test point are fixed. In each of Regions 5 through 12 this is not the case. T he result is that the robust stability boundaries for these regions comprise straight lines parallel to the adjacent edge of Kharitonov rectangle and tangent to the set of circles corresponding to the region. T his conclusion and others are much more easily reached by transforming the problem as described in the next section.

III. Coordinate Transformation to Simplify Bound Computation

In this section we describe a coordinate transformation to reduce the subdivision of the complex plane for

QFT boundarycalculation to one where we have symmetry. T his symmetrycan be exploited to reduce computation. We transform the compensation to ( x , y ) using ú û

ù ê ë

é

- ú û

ù ê ë

é

- = ú û

ù ê ë

é

« ú û

ù ê ë

é

- ú û

ù ê ë

é

- = ú û

ù ê ë

é av

av c

c av

av c

c y

x y

x y

x y

x y

x y

x

(24)

T he transformed region has as its origin the center of the Kharitonov rectangle as shown in Figure 3. Only the three regions where x and y are both positive need be considered, because of the symmetryresulting from the transformation. For each point ( x , y ) on a boundary, symmetry yields the set of boundary points

{ ( x , y ), (- x , y ), ( x , - y ), (- x , - y ) }

Transforming back to the original coordinates, we have the four points

{ (- x - x av

, - y - y av

), ( x - x av

, - y - y av

), (- x - x av

, y - y av

), ( x - x av

, y - y av

) }

We now give the equivalent of Theorem 1 for the transformed domain of (22).

Theorem 3. Let �D be a transformed rectangular region and ( x , y ) a test point. T he farthest point

( ) y x

� �

, in �

D to ( x , y ) and the closest point

( ) y x

� �

, in �

D to ( x , y ) are given by Table 2.

Proof

The proof is similar to that for of Theorem 1, where x f

= ( x

+

- x

-

)/2 and y f

= ( y

+

- y

-

)/2.

Table 2. Closest and farthest points for the transformed domain.

Region

( ) y x

� �

,

( ) y x

� �

,

I ( x , y f

) ( - x f

, - y f

)

II ( x f

, y f

) ( - x f

, - y f

)

III ( x f

, y ) ( - x f

, - y f

)

III

Re{ D }

Im{ D }

D ++

D --

D -+

D +-

II x f

I

- y f

y f

- x f

Fig. 3 The transformed Kharitonov rectangle.

We assume that we remain in a single region so that the points for maximumand minimumdistances are fixed. This allows us to derive the following properties.

Theorem 4. As x or y varyin Region I or III, the real-valued function (1) is monotone increasing. As x or y vary in Region I or III, the value of (1) is unimodal.

Proof

Differentiate the middle expression in (16) and equate to zero. For Region I,

� x x = and

� x x f

= - , so that

(16) reduces to

( ) ( )

( ) 2

2

2 2

2 B y y

y y x x

R f

f f £

-

+ + +

=

Differentiating with respect to x and equating to zero, we obtain

( ) 0

2

2

2

1 =

-

+

= f

f y y

x x x

R

¶

¶

This indicates a positive derivative with the inadmissible negative root x = - x f

.

Differentiating with respect to y and equating to zero, we obtain

( ) ( ) ( ) ( ) [ ]

( ) 0

3

2 2 2

2

1 =

-

+ + + - - +

= f

f f f f y y

x x y y y y y y y

R

¶

¶

( ) ( )

0 2 2 = + + + f f f

y y y x x

This indicates a positive derivative with the inadmissible negative root

( ) f

f f y

x x y y

2

2 +

- - =

Because the derivatives are positive and have no positive real roots we conclude that the function is montone increasing.

Interchanging x and y establishes monotonicity of (1) in Region III.

In Region II,

� x x f

= and

� x x f

= - , so that (16) becomes

( ) ( )

( ) ( ) 2

2 2

2 2

2 B y y x x

y y x x

R f f

f f £

- + -

+ + +

=

( ) ( ) ( ) [ ] ( ) ( ) ( ) [ ]

( ) ( ) [ ]

( ) [ ]

( ) ( ) [ ] 0

2 4 2

2 2 2

2 2 2 2

2 2 2

2 2 2 2 2

2

1

=

- + -

+ + - - -

=

- + -

+ + + - - - + - +

= f f

f f f f f

f f

f f f f f f y y x x

y y x x yy x x x

y y x x

y y x x x x y y x x x x x

R

¶

¶

This yields the roots

2 2 2

2 f f f

f f

f x y y x

yy x

yy x + + +

÷

÷ ø

ö ç

ç è

æ

± - = (25)

One root is negative and is therefore inadmissible. T he second root is greater than x f

and is therefore inside

Region 2. T herefore, the function (1) is unimodal in Region 2. For large x the function (1) approaches its minimumvalue of unity. We conclude that, in Region II, the nonfeasible region is in the vicinityof a maximumof the ratio R 2 as shown in Figure 4. Because the value of R 2 as x ® x f

maybe larger than B 2 , the intersection of the curve of Figure 4 with the line R 2 = B 2 may occur at either one or two points .

� x

R 2

1 x f

Fig.4 Unimodal function in Region II.

We nowexamine the boundaries of T heorem2 for the transformed domain. T he coordinate transformation is linear and the boundaries retain their form. In terms of the stabilityrobustness boundary, however, the transformation reveals the following.

Theorem 5. T he stabilityrobustness boundaryfor the transformed domain in Regions I and II comprises straight lines parallel to the edges of the Kharitonov rectangle. In Region II, the boundaryis a circle of radius N / M centered at ( x f

, y f

).

Proof

T he stabilityrobustness bound is given by(20) with

� � x y , ( ) defined for Regions I, II, and III. In Region I,

( )

÷ ø

ö ç è

æ

= f

y x y x , ,

� � and the boundary is the vertical straight line

M N y y f

+ =

Similarly, in Region III, the boundary is the vertical line

M N x x f

+ =

In Region II,

( )

÷ ø

ö ç è

æ

= f

y x y x f

, ,

� � and the boundary is the circle

( ) ( ) ( ) 2 2 2 M N x x y y f f

= - + - i.e ., a circle of radius N / M centered at ( x f

, y f

).

�

Remark 2. T ransforming the rectangle using the inverse transformation of (24) gives a second rectangle centered at ( - x av

, - y av

). T he symmetryrevealed in the transformed domain holds in the vicinityof the rectangle in the original coordinates. Based on this observation, the boundaries and feasible region of compensation can be easily plotted, as demonstrated in the following sections.

V. An Optimal, Linear Time Algorithm for Computing the Feasible Region of Compensation

We are nowin a position to state the main algorithmic result of this paper. In (2), let the order of the numerator polynomial N be m and the order of the uncertain denominator polynomial D be n . Horner’s Rule evaluates these polynomials in time q (m) resp. q (n) (Cormen et al. , [7] 1993, ex. 1.2-4) . T he numerator need be evaluated onlyonce, but, in order to compute the Kharitonov rectangle, the denominator is recomputed (in optimal time q ( n )) for each of n w

sample frequencies w . For fixed w , T heorem2 prescribes howto determine, in optimal time q (1), a set of constraints defining the feasible region of compensation.

T hus, in time q ( n w

n + m ) , the frequency-divided boundaryof minimum magnitude compensations can be computed . When, as is often the case, n w

n is much greater than m , the running time is q (n w

n) . T his compares favorablywith the q ( n w

n g

n f

n ) running time of [5] and is certainlypreferable to the q (n q

n w

n g

n f

n) running time of the traditional gridding approach [8], where n q

is the total number of grid points in the uncertain parallelpiped Q , n g

is the number of grid points along the axis of compensation magnitude, and n f is the number of points along the compensation phase axis. Since the numerator need be evaluated only once, the Rule of Products implies that the search as described runs in time q (n q

n w

n g

n f

n + m).

T o demonstrate the reduction in computational time achieved here, we examine the case of a plant transfer function with six uncertain parameters and ten grid points for each parameter; i.e. , n q

= 10 6 . For n g

=n f

=10, the overall reduction achieved here is bya factor of one hundred when compared to [5] and 10 8 when compared to the traditional gridding method.

VI. Examples

Example1: Position Control System

Consider the position control system with motor and load transfer function

( )

( )

1

10

+

= s s

s G t where t Î [ t min

, t max

] . For the compensator K , the product of the numerator of the transfer function and the compensator is C = 10 K . T he denominator is an interval polynomial whose value set at anyfrequency w is the interval [ - t max

w 2 , - t min

w 2 ] on the straight line parallel to the real axis, with imaginaryintercept w . In this simple case, the twelve regions of Figure 2 reduce to 6 and the three regions of Figure 4 reduce to two.

The bounds for the system are shown in Figure 5, together with the value set for a frequency of 1 rad/s.

For this example, c ry

is zero and the hyperbolas for Regions 7, 8, 11 and 12 reduce to a single point outside the respective regions. Regions 5, 6, 9 and 10 are not defined for the example and need not be considered.

In Regions 1 through 4 the tracking boundaries are circular arcs with the feasible region outside the arcs.

T he stabilityrobustness boundarycomprises circular arcs of radius N / M = 10/2 = 5 and straight lines parallel to the value set. T he actuator bound is a circle of radius g act

. T he feasible region for compensation is inside the actuator boundary and outside both the tracking boundary and the stability robustness boundary.

Fig. 5 QFT boundaries for the position control system.

Example 2: Two-parameter Uncertainty

Consider the transfer function

( )

1

1

1

2

2

+ +

=

s a s a s G

where a

i

Î [ a

i

- , a

i

+ ] , i =1, 2. For G ( j w ), the x and y coordinates of the denominator are in the ranges

x Î [ 1 - a

2

+ w 2 , 1 - a

2

- w 2 ], y Î [ a

1

- w , a

1

+ w ]

T he QFT bounds are shown in Figure 6. T he permissible region is inside the circle obtained fromthe

actuator bounds, inside the tracking bounds made up of hyperbolic and circular segments and outside the

robust stabilitybounds. A design point can be selected for each point on the frequencygrid. T he set of

design points can then be fitted with a compensator. Finally, the compensated system must be checked to

determine if all design constraints are satisfied. It is also possible to add the bounds of the form(10) to

Figure 6 so that the designer can attempt to satisfyall design constraints with a single compensator. If

successful, 2-degree-of-freedomcontrol with the added cost of a prefilter can be avoided. If not, the

additional bound can be ignored and a loop compensator can be designed. T hen a prefilter can be added to

achieve the desired performance.

Fig. 6 QFT boundaries for the two-parameter system.

VII. Conclusion

T his paper demonstrates the considerable computational saving possible in the computation of QFT bounds

using value sets, coordinate transformations, and subdivisions of the compensator plane. Given a region

where the farthest and closest points in the value set to a test point are determined, closed-formexpressions

for the boundaries can be calculated. This allows the computation of the QFT bounds in time q ( n

w n ).

For a systemwith a numerator interval polynomial, a similar approach is possible with the distances sought

being between two rectangular regions. For affine numerator and denominator polynomials, we seek the

minimumand maximumdistances between two polygons. T hese problems present challenges for future

research.

References

[1] D’Azzo, J. J., and C. H. Houpis (1988). Linear Control System Analysis and Design . McGraw-Hill

Book Company, New York.

[2] Borghesani, C., Y. Chait and O. Yaniv (1994). Quantitative feedback theory toolbox . T he Mathworks

Inc., Natick, MA.

[3] Brown, M. and I. R. Peterson (1991). Exact computation for the Horowitz bound for interval plants.

30th CDC , Brighton, England, pp. 2268-2273.

[4] Rodriguez, G. M., Y. Chait and C. V. Hollot (1995). A newalgorithmfor computing QFT bounds.

Proc. 1995 ACC , Seattle, WA

[5] Fadali, M. S., and LaForge, L., Algorithmic Analysis of GeometricallyComputed QFT Bounds, Proc.

1996 IFAC World Congress , Vol. H, pp. 297-302. San Francisco, CA, June, 1996.

[6] Barmish, B. K.(1994). New Tools for Robustness of Linear Systems . Macmillan, NY, NY.

[7] Cormen, T . H., Leiserson, C. E. and R. L. Rivest (1993). Introduction to Algorithms . McGrawHill,

NY, NY.

[8] El-Zayyat, K.(1994). VSC/QFT Robust Design of Systems with Bounded Uncertainties , Ph. D.

Dissertation, (M. S. Fadali, Advisor), UNR, Reno, NV.

-30 -20 -10 0 10 20 30 40

-25

-20

-15

-10

-5

0

5

10

15

20

25

Value Set

Actuator Boundar y

x

c y

c

T racking Boundar y

StabilityBoundar y