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Abstract

In this paper, we suggested an utility learning
algorithm for tuning fuzzy rules by using training input-
output data, based on the gradient descent method. The
major advantage of this method is that fuzzy rules or
membership functions can be learned without changing
the form of the fuzzy rule table used in usual fuzzy
controls, so that the case of weak-firing can be avoided
well, which is different from the conventional learning
algorithm. Furthermore, we illustrated the efficiency of
the suggested learning algorithm by means of several
numerical examples.

1. Introduction

As the development of fuzzy applications in industry,
it is getting more important to generate or tune fuzzy
rules by using some of learning techniques such as neuro-
fuzzy learning algorithms. Based on the back-propagation
method of neural networks [1], Ichihashi [2], Wang and
Mendel [3] have proposed a neuro-fuzzy learning
algorithm for generating or tuning fuzzy rules for a given
fuzzy model with Gaussian-type membership functions.
While the fitting for training data is fast and good by
using the method, the number of tuning parameters
increases quickly as the number of input variables
increases, and that, the representation of the fuzzy rule
base in the form fuzzy rule table [4] becomes hard or
impossible. Thus, it is possible to occur the case of weak-
firing for unknown data, so that it will affect the fuzzy
inference result. To improve the above problems, in this
paper, we suggest a new learning algorithm for tuning
fuzzy rules by using training input-output data, based on
the gradient descent method. The major advantage of this
method is that fuzzy rules or membership functions can be
tuned without changing the form of the fuzzy rule table,
so that the case of weak-firing can be avoided well, which
is different from the conventional learning algorithm
[2,3]. Moreover, the properties of the conventional
methods and the new. method are discussed in detail.
Finally, we illustrate the efficiency of the suggested
learning algorithm by numerical examples.
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2. The conventional learning algorithm

First, we introduce the conventional learning algorithm
for learning fuzzy rules or membership functions, which
is widely used in recent fuzzy controls and fuzzy expert
systems [2,3,5,6].

For a given fuzzy systemn model with n input variables
Xy, X, . Xy and one output variable y, the fuzzy rule base
is defined as follows [2,3]:

Rule i: IF x; is Aj;and x5 is Ag; and ... and xy, is Ay;,
THEN y is y; (i=1.2,.,m) 4]

where Aji (G=1,2,...,n; i=1,2,...,m) is a Gaussian-type
membership function for the input variable x; which is
expressed in Eq.(2), y; is a real number on the output
universe Y, and m is the number of the fuzzy rules.

Aji(xj) = exp(-(xj-aji)Z/bji ) =1,2..n;i=1,2,..,m  (2)

where aj; is the center of Aj; , bj; means the width of Aj;.

simplified fuzzy reasoning method [2], a fuzzy inference
conclusion y can be obtained in the following way:

First, for i =1, 2, ..., m, the agreement of the i-th
antecedent part is calculated by using the product operator:

n
hi= Ayi(x)A2i(x2)...Apilxy) = ,HlAji(Xj) i=1,2,....m
J:
3

Then, a consequence y is calculated by using the center
of gravity method as follows:

m m
y= (El hiyi )/ (Elhi ) 4

It should be noted that there is another form for Eq.(4)
in [2], that is, a fuzzy consequence is obtained without
operating the center of gravity, so the denominator 1s
omitted. We shall adopt the form of Eq.(4) throughout our
discussions.
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When a training input-output datum (x x5 ..
given for the fuzzy system model, it is well known to use
the following objective function E for evaluating an error
between y* and y, which can be regarded as an optimum
problem:

E=0"-y?%/2 (5)

where y™ is a desired output value, and y is a fuzzy
inference result.
In order to minimize the objective function E, a

learning algorithm for updating the parameters a;;, bj;, and

¥; has been proposed in [2,3] based on the gradient descent
method [1,4], which is described as follows:

aii(t+1) = a;i(t) - 0o/ oay(t)

= a;i(t) - 0 IE/Iy)(y/In;)(Ohil dAi)(Ajil dayi(£))
= aji(t) + 200y"-Y) Yi-Y)hi(xg-aji) / (bjiii: }1!1)
byi(t+1) = byi(t) - PAE/Ibyi(2)

= b;i(?) - B(FE/9y)(9y/oh;)(Ihil IA;i)(A;il Ibi(t))
= b(t) + PO MO hixi-a;)? | (b iEzlhi)
Yi(t+1) = yi(2) - YIE/Iyi(D)

= ¥i(t) - NIE/Iy)(Iy/dyi(1))

= 30+ 10Dk | C )

(6)

)

8

where o, B and y are the learning rates that are the
constants in the learning process, and: f means the learning
iteration.

The main advantages of the above learning algorithm
are that: the training data are fitted fast and well because
each membership function depends on only one fuzzy rule,
and the iterative formula is simple for the computation.

However, as analyzed in the following, we shall point
out some of problems on the learning algorithm of
Eqs.(6)-(8).

Property (1): According to the arrangement Eq.(1)
and the algorithm Eqgs. (6)-(8), we can prove easily that
each membership function Aj; (=1,2,...,n; i=1,2,...,m)
exists in the fuzzy rule base independently, only
corresponding to i-th fuzzy rule [8]. This means that, first,
the fuzzy partitions for all of input variables must be
same and equal to the number of the fuzzy rules, although
each input variable may have different behaviors in the
fuzzy system model potentially; second, for each
membership function Aj;, it is only used one time in the
fuzzy rule base; third, for a multiple-inputs fuzzy system,
the number of tuning parameters is great because of the
equivalence of the fuzzy partition for each input varlable
and the number of the fuzzy rules.

For example, for a fuzzy system model with 4 input
variables and one output variable, if we assume that 100
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fuzzy rules are necessary, then the number of fuzzy sets
for each input variable is also 100. In this case, the
number of tuning parameters can be calculated as: 100 (the
number of membership functions for each input variable)
%2 (the center and the width of the membership function)
x4 (the number of input variables) +100 (the number of
the consequent parts) = 900. Need less to say, expressing
100 fuzzy sets by using linguistic variables for a fixed
input variable is too hard. Obviously, these stronger
restrictions for membership functions of antecedent parts
are inconvenient for constructing a fuzzy system model in
real-world applications.

Property (2): Based on Property (1), the
representation of the fuzzy rule base in the form of the
fuzzy rule table used in usual fuzzy control and other fuzzy
application fields becomes very difficult or impossible
under the conventional method, in generally.

For example, for a fuzzy system model with two
variables xy, xp and one output variable y, it is well
known that the following representation of the fuzzy rule
base in the form of the fuzzy rule table is a most common
thing in fuzzy controls as shown in Figure 1 [4], where
Aj; (i=1,2,3,4) is a fuzzy set for x|, Ag; (j=1,2,3) is a
fuzzy set for xp, and Ry (k=1,2,..,12) denotes a fuzzy rule.

From Figure 1, one can see that, first, the fuzzy
partition for x; and the fuzzy partition for xo may be
different because of the behaviors of input variables;
second, it allows that each membership function is used
more than one time (for example, Ay, Ay = Ry, Ayys
Ajy = Ry, etc.); third, the input space is covered by the
fuzzy rules enough.
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Figure 1. Representation of fuzzy rule base in
the form of the fuzzy rule table

On the other hand, according to Property (1), the
representation of the fuzzy rule base in the form of the
fuzzy rule table by using the conventional method must
be the following form as shown in Figure 2, if we assume
9 fuzzy rules to be necessary for the fuzzy system model.
Because the support of each Gaussian-type membership
function is infinite, for any o (€[0,1]), we can obtain all
of o-cut sets, corresponding to the membership - functions
as shown in Figure 2. In this case, one can understand that



all of the agreements of antecedent parts will be h; =
A(eDAgi(n) <o (1= 1,2,...,9), if (x1,xp) 1s given in
out of R; (1= 12,..,9). Clearly, if « is enough small,
the fuzzy inference rules are very weak for unknown data
given in the blank places as shown in Figure 2. This
shows that expressing fuzzy inference rules in the form of
the fuzzy rule table is very hard or impossible.

Figure 2 does not only restrict the fuzzy partition for
each input variable, but also makes each fuzzy set to be
only used one time in the fuzzy rule base. Especially,
since the input space can not be covered by the fuzzy rules
enough, the case of weak-firing will occur when we input
(x1,xy) to be out of R, (i=1,2,...,9) as shown in Figure 2.
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Figure 2. Representation of fuzzy rule base in
the form of the fuzzy rule table under the con-
ventional method

In Figure 2, for example, let an observation (x,x;) be
given as shown in the «, T, then one can see that no
suitable fuzzy rule exists corresponding to (x,x,). In this
case, all of grades A [j(x]), Aji(x7) (i=1,2,...,9) can be
calculated as follows:

Apx) 2 a,1=7.89; Aj(x)) < «, otherwise; -

Ari(x)) 2 0, 1=23; Ai(x)) < &, otherwise.

Thus, all of agreements become h; = A |j(x])Ari(x3) < &
(i=1,2,...,9) to be very small if « is small enough, that
is, there exists a weak-firing state. Clearly, the fuzzy
consequence will be influenced when a weak-firing state
occurs.

Therefore, we can say that the conventional learning
algorithm sometimes is not suitable to a multiple-input
fuzzy system, or is inconvenient to construct a fuzzy rule
base in a form of the fuzzy rule table because of the above
problems.

In order to improve above problems, we shall suggest a
new learning algorithm for tuning fuzzy rules by using
training input-output data, based on the gradient descent
method.

3. A new learning algorithm for tuning
fuzzy rules

For convenience, we shall derive our new learning
algorithm in which the fuzzy system model has only two
input variables and one output variable. It is not difficult
to extend our idea to the case of multiple input variables
in the same way.

First, like Eq.(2), the Gaussian-type membership
functions Ay;, Ag; (i=1,2,....1; j=1,2,...k) for input
variables x| and x; are defined as follows [8]:

Ayi(x)) = exp(-(x1-a1i)*/by; ) i=1,2,....r ®

A2j(~x2) = exp(-(xg-azj)z/sz ) j=12,..k (10)
where r means the number of fuzzy partitions for x, k
means the number of fuzzy partitions for x,. Obviously,
it allows the case of r # k, which is different from the
conventional method [4,5].

Then, we assume that a fuzzy rule base is defined based
on all of the combinations of Ayj and Ay; (i=1,...1;
j=1,...,k), which is different from Eq.(1) as shown in
Eq.(11):

Rule 1: AL, A Dy
Rule 2: AL, Ay =y
Rule k: Ajpp, Aok = Yk
Rule k+1: A2, A2] = Vi1
Rule 2k: Ay, AZI; = Yok

.......... (n
Rule (G-Dk+): Ay, Azj = Y(i-1k+j

Rule rxk: Al A2k = Yixk
where y;.1)k+j (i=1,2,...,1; j=1,2,....k) is a real number on
the output universe Y.

Clearly, we can express the above fuzzy rule base
Eq.(11) in the form of the fuzzy rule table as the same as
Figure 2, which is shown in Table 1 [7,8].

Table 1. Fuzzy rule table for Eq.(il)

X2 A2t A2 ... A2j .. A%
x1
At oyt Y2 e ¥ e Yk
A12 } yk+el e Y2k
Ali Y- Dk+
Alr | yo-Dk+l yrk




According to the above assumption, when an
observation (x),x3) is given, a fuzzy inference conclusion
y can be obtained by using the simplified fuzzy reasoning
method as follows:

First, the agreement of Aj; and Aj; at (xy,x7) is
calculated by using the product operator:

hiksj = ArixDAj(x) 1=1,2,...15 j=1,2,...k  (12)

Then, a consequence y is calculated by using the center
of gravity method:

r

=(Z

i=l j=I

=
Mo

r k
hi-1yk+iYG-1)k+) / (Zl pX lh(i-l)k+j)
1= J:

r r k
= gz 3 Ai(xDA2(x2)Y G- k) i(_zlj};lA 1i(x1DA25(x2))

=1 j=I
(13)
In order to minimize the objective function E (see
Eq.(5)), a new learning algorithm for updating the
parameters ay;, byj, azj, boj and yopykyy (1=1,2,...15
J=1,2,....k) is derived based on the gradient descent method
as follows:

aji(t+1) = a,i(?) - 0dE/da);(t)

= a1i(t) - A(OE/Iy)(OY/Oh(i-1)k+j) (PR 1yk+i/ FA 1)
X(dA il da);(t))
K
20(y"-y)(x1-a}i) ngh(i-l)kﬂ' OV-Dk+-Y)

=aj() +
r k
bii X X hii-yk+j
=1 (14)
byi(t+1) = byi(z) - BIE/Ob\;(2)
= b1i(t) - B(IE/Fy)(9Y/Ohi 1)+ (Ohi-1ykai/ FA17)
X(9A 1i/db1;(t))
k
BO*-y)(xj-ay;)? 32— lh(i-l)k+j Odi-Hk+Y)
=bi(+
r k
b1i2 X T AGiotyksj
i=l j=I (15)

azi(t+1) = azi() - aaE/aazj(t)

= api(t) - Q(AE/Iy)(F/Ohi-1)k4i)(Phi-1)k+i/ OA2)
X(aAzj/aazj(t))

T
200(y™-y)(x2-a2j) iz_lh(i-l)k+j OG-Dk+Y)

= i) +
r k

boj X X hi-yk+j

i=1 j=1 (16)
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b2j(t+1) = sz(l) - ﬁaE/asz(t)

= byi(t) - BOE/dy)(dy/Oh;.1)k+j)(Ohi-1)k+i/ A2))
X(JA 1i/9b,;(1))

T
B(y*-y)(xa-az))? Zlh(i-l)kﬂ' OG-Dk+Y)
1=

= byi(f) +

T
szz Z

i=1

k
2 hgnksj
= (17

Y- Dk+(EHD = Y-k (B - YIE/Iyi-1yk+i (D
= Y- 1)k+j () - WOE/Iy) Y/ Iy(i-1)k+i()
r k
= Y- Dk+j(®) + K i1y / (El JZ_ lh(i-l)k+j) (18)

where @, B and 7 are the learning rates, and ¢ means the
learning iteration. ‘

Obviously, the iterative formulas Eqs.(14)-(18) derived
under the assumption Eq.(11) are different from the
iterative formulas Eqs.(6)-(8). The differences between the
new method and the conventional method lead to that the
problems of the conventional method analyzed in last
section have been improved well by the new method,
namely, first, the fuzzy partitions for-each input variable
is allowed to be different from other ones; second, a
membership function can be used more than one time in
the fuzzy rule base; third, the representation of the fuzzy
rule base in Table 1 is never destroyed even after the
learning process, so that the case of weak-firing can be
avoided well by the new method, in general.

For example, if we take r = 3, k = 4 in Eq.(9) and
Eq.(10), then by using the new method we get the
representation of the fuzzy rule base in the form of the
fuzzy rule table as shown in Figure 3, corresponding to
Figure 2.

Unlike the conventional method, the fuzzy rules can
tuned without changing the form of the fuzzy rule table by

A23

A2

Figure 3. Representation of fuzzy rule base in
the form of the fuzzy rule table under the new
method



using the new method, the problems in the conventional
method have been solved, and that, the expression of fuzzy
rules is intuitive and convenient for a practical
application.

4. Numerical examples

In the following, we apply our method to the
following two nonlinear functions with two input
variables and one output variable to compare it with the
conventional learning algorithm for identifying and
evaluating the problems, and show the efficiency of the
new method. The two nonlinear functions are given as
follows:

Func.I: y = (Qx;+4x2+0.1)2/37.21
Func.Il: y = [4sin(ztx|)+2cos(mx3)]/12 + 0.5

(19)
(20)

where x|, xp €[-1,1] are input variables, and y € [0,1] is
normalized output variable. :

First, we can arrange two kinds of initial fuzzy rules
under the above two learning algorithms respectively, as
shown in Table 2 and Table 3.

In Table 2, there exist five membership functions for
each input variable, where -1, -0.5, 0, 0.5 and 1 are the
centers of the membership functions, b = 0.09 means a
width of each membership function, and O denotes a real
number of the consequent part.

Table 2. Initial fuzzy rules under the new method

, A5 1, b) (0.5, b) (0, b) (05, b) (1, b)
A2j
( -Lb) 0 0 0 0 0
(-0.5,b) 0 0 0 0 0
( 0b) 0 0 0 0 0
(0.5,h) 0 0 0 0 0
( 1Lb) 0 0 0 0 0

On the other hand, for a fuzzy model with 25 fuzzy
rules, the initial fuzzy rules must be given in the form of
Table 3 under the conventional method, otherwise, a case
of weak-firing will occur before the learning [8].

Then, 49 training data are employed for identifying
Func.I and Func.II, respectively. In our case, the learning
rates are taken as a = 0.01, B =0.05 and y= 0.65. Each
method stops the learning process when the inference error
D for identifying data is less than the threshold 8. In this
case, O is taken as 0.005 for both Func.I and Func.IL
Here, D is defined as follows:

49
D= g‘;l(y*d -ya)? /2 1)

were y*q (d=1,2,...,49) is a desired output value, and yq is
a fuzzy inference value.
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Table 3. Initial fuzzy rules under -
the conventional method =

No. Ali A2 i
1] (-1,b) ( -1Lb) o
2] ( -1,b) (-05b) 0
31 C-Lb) ( 0b) O
4 ( -1,b) (05b) 0
50 C-Lb) ( Lb) 0
6| (05b) (-1,b) 0
71 (05b) (-05b) 0
8| (-05b) ( 0b) 0
9 (-05b) (05b 0
10] (056 ( 1b) 0
11| ( 0b) (-1b) o
12| ( 0b) (-05h) 0
131 ( 0b) ( 0b) 0O
141 ( 0,p) (05b) 0
15| ( 0b) ( 1b). 0
16 | (056) ( -1,b) 0
17| (056) (056 0
18| (056) ( 06) 0
19 | (056) (05b) 0
20| (05b) ( 1b) 0
210 ( 1b) ( -1L) 0O
221 ( L) (05h) o0
230 ( 1,b) ( 0h) 0O
24| ( 1,b) (05h) 0
251 C L) ( Lb) 0

Table 4. Comparison between the new method (B)
and the conventional method (A) for Func.I

No.{ Iteration of |  Error of Maximum
learning evaluation | absolute error

@ B @ B [ @@ »
1| 63 515 [0.0084 0.0037 0.8952 0.7710
21 51 306 ]0.0069 0.005010.9020 0.8180
31 62 118 |0.0020 0.0015/ 0.2350 0.1892
41 89 783 10.0177 10.0117}-0.9725.0.9022
51 49 95 10.0009 0.0009| 0.1558 0.1200

Table 4 and Table 5 show the iteration of the learning
for training data, the error of evaluation and the maximum
absolute error for checking data for identifying Func.I and
Func.II respectively, where (A) denotes the case of the
conventional method and (B) means the case of the new
method. Here, the error of evaluation denotes a mean
square error for the checking data. In our case, 2601
checking data (x,x») are employed from (-1,-1) to (1,1),
equally.



Table 5. Comparison between the new method (B)

and the conventional method (4) for Func.II

No.| Iteration of |  Error of Maximum
learning evaluation absolute error

A B A B A (B

54 70 [0.0041 0.0026]0.3560 0.2136
216 87 [0.0059 0.0011[0.3559 0.0974
59 142 [0.0108 0.0044}0.4452 0.3064
42 69 (0.0021 0.0010{0.2417 0.1536
31 208 0.0094 0.0043}0.5620 0.3688
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Figure 4. Comparison between two kinds of fuzzy
inference results
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Figure 5. Comparison between two kinds of fuzzy
inference errors

One can see from Table 4 and Table 5 that, the
iteration of the learning by using the conventional
algorithm is smaller than the new method, because each
membership function is independent with others, so that,
the training data is usual fitted fast. However, one should
note a fact that the number of tuning parameters under the
new method is smaller than the conventional method (in
this case, the number of the new method is 45, the
number of the conventional method is 125). The learning
times of both methods are not so different.

On the other hand, one can also see the rather finer
evaluation for both Func.I and Func.II by the new method
than the conventional method, according to Table 4 and
Table 5.

As an illustration, Figure 4 (a), (b) show the two fuzzy
inference results for Func.II using the fuzzy rule bases
No.2 in Table 5, which were generated by the
conventional method and the new method, respectively,
Figure 4 (c) shows the corresponded desired output results
for Func.Il. Moreover, Figure 5 (a), (b) show the errors of
evaluation corresponding to Figure 4 (a), (b), receptively.

From Figure 4 and Figure 5, one can see that the new
method has a good approximation. Since the input space
is covered by the fuzzy rule base even after the learning
process, so that, the fuzzy inference results are smooth.

On the other hand, while the fitting for training data is
often good under the conventional method, the input space
can not be covered by the fuzzy rule base enough after the
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learning process, so that the fitting for unknown data
must be not always well.

5. Conclusion

We have suggested a new learning algorithm for tuning
fuzzy rules, which is different from the conventional
method. The best advantage of the new method is that the
fuzzy rules can be tuned without changing the form of the
fuzzy rule table, so that the case of weak-firing occurring
in the conventional method can be avoided well.

However, the speed of training data is sometimes fitted
slow under the new method if the number of the fuzzy
partitions is too small for each input variable, because of
the dependency of the membership functions. Therefore, it
should be considered to give suitable fuzzy partitions for a
practical fuzzy system model.
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